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number repreſented by h is to be added to that repre- 
ſented by a, and expreſſes the ſum! of thoſe numbers 
was 5, and þ 3, then would a'+ be 5+ 3. 
or 8. In like manner 4. + I c denotes the number 
3 adding all the three numbers a, b, and e, to- 
25 Note. A quantity which has no prefixed ſign (as the 
leading quantity à in the above examples) is always un- 
derſtood to have the ſign + before it; ſo that. a ſignifies | 
the ſame as + @; and a + 6, the ſame as + @ 1 . 
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is to be fubtracted. Thus a —'b ſhews that the quan- 
tity repreſented by 6 is to be ſubtracted from that repre- 


ſented by a, and expreſſeth the difference of a and 35 


ſo that, if a was 5, and 6 3, then would a — b be 5 —3 


or 2. In like manner a 45 — - d repreſents the 
from 


de 7 + 65-3, 5 


The Weites + and — are uſually expreſſed by the 
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words plus (or more) and minus (or leſs.) Thus, we 
read, a + b, a plus b; and a — b, a minus b. „ 

Moreover, thoſe quantities to which the fign + is 
prefixed are called pg/itive (or affirmative); and thoſe to 
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which the ſign — is prefixed, negative: 


De Sign Xx, ſignifies that the quantities between which 
it lands are to be multiphed together. Thus a x bdenotes 


that the quantity @ is to be multiplied by the quantity . 


b, and expreſſes the product of the quantities ſo multi- 
plied; and a x b Xx c exprefles the product arifing by 
multiplying. the quantities a, b, and c, eontinually_to- 


gether: thus, likewiſe, 2 + 7 c denotes the product of 
the compound quantity a + 5 by the ſimple quantity 


c; and a Tf x 4 = /f NAT c repreſents the 


product which ariſes by multiplying the three com- 
pound quantities a +/b + = c, and a + c con- 
 tinually together; fo tha, if '@ was 5, #4, and c 3, then 


would 
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_ which ariſes by taking the numbers c and 4 
the ſum of the other two numbers a and bz as, 
if a was 7, b 6, c 5, and d 3, then would a + b — c —& 


omitted, or only underſtood; 1.6. 


quantity, and at the end thereof place the Exponent 
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2 likewils 40 be oblarred, that when a quantity. is 
to be mullt plied - by itſelf, or raiſed. to any power, he 
uſual method of Notation is to draw a line over the given 


of the Power. Thus a + he denotes the ſame as 4 T & 
een, the ſecond power (or ſquare) of a. + con- 
e quantity: thus, alſo, ab +6c1?. denotes the 
fame as 25 + Je & ab + ze X a + be viz. the third - 
power. (or cube) of the quantity ab + bc... 


But in exprefling the powers. of quantities, repre- 88 
is com- 

monly omitted; and 'ſo*a* comes to ſigni aify the fame. 
as ad ora * 2, and h the ſame as bbb orb x b I 
' whence alſo it appears, that a3 will ſignify the. ſame - 
as aabbb z and abc the ſame as GAAGACE 3 and * of 


ſented by ſingle. letters, the line over 


others. 
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- the ſame thing as 7 7 3 a analyte pot . 


of a+ bby a 7 y FE 
TJ, Sign ＋ is uſed to fignify that the | quantity pre- 


celling it is ta be divide 5 the quantity. ubich comes 
after it: + Thus c + 4 = + ſignifies that c is to be divided by. . 


b; and 2 +þ 5 0%, that a + 5 is to be divided by | 


a Co 


Alſo the mark.) is ſometimes uſed as a note of Divi- 
ſion ;- thus, a +4 b) ab, denotes that the quantity gb is 
to be divided by the quantity a + þ; and ſo of others, 8 


But the diviſion. of Wgebraje — is moſt com- 
- | B 2 . * 
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dividend with a line between chem (in the ere o 5 


5 vulgar fraſtion). Thus . - 
N 5 5 2 
ariſing by dividing « by 6; ag 4 — 


tity ariſing by dividing 740 by anc. ' Quantities thus 
expreſſed are: called algebraic fractions; whereof the x 
upper part. is called the numerator, and the lower the de- 5 


nominator, as in in vulgar fractions. 


The ſign I is uſeck to expreſs the ſhare tbe of 


any quantity to which it is prefixed: thus V2: 25 ſigni- 


fies the ſquare root of 25 (which is 5, uſe 5X5 is | 
25): thus alſo 1a ab denotes he. ſquare tot of ab; and - 


V 2 - - ab+bc ] 
| — denotes the ſquare root e or 4 
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the quantity which ariſes by dividing ab ut by d. ; 
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but 


- numerator * the denominator is en li 7 — 
i gnifies that the ſquare root of ab + bc is to be fir/? 
taken, and afterwards divided by d, ſo that, if a was * 


b 6, 4, and 4 9, then would be or £ * 
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ä ab+bc_ 2 =” 
but YV _ g? or Vi which i is 2. tr 


The ſame mark /, with a figure over it, is alſo uſed 
to expreſs the cube, or biquadratic root, &c. of any 


quantity: thus · / G4 repreſents the cube root 7 | 
64, (which is 4, becauſe 4 x 4 x 4 is 64), and V/JIF od 


the cube root of ab + cd; alſo #/ 16 16 denotes = 
biquadratic root of 16 (v which is 2, becauſe 2 * 2 * 2 * 


2 is 16); and abe Ted denotes the biquadratic root h 


of ab+c4; and ſo of others. Quantities thus ex- 


2 are called radical * or ſurds; _—_ : 


denotes the quan- = 
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PL on 5 N ollowed) there are other methods 
made uſe of by different Authors; but the moſt. com- 
modicus of all, and beſt ſuited to practice, is that where 
the root is deſigned by 8 fraction, placed at te 
End of a line drawn oyer the quantity 8 e. A- 

Cording to this. Notation the ſquare root. is deſigned: gned by 
the fraction 4, the cube 35 by z, and the biquadra 


root by 45 Sec. Thus at expreſſes the fare thing with 15 
Va; viz. the ſquare root of a;_ and TJ the 
ſame as V a*+ab, + ab, that is, the cube root gf a 4 ab | 
Alt denotes the ſquare. of the eube root of 4; and 


at 72 + the ſeyenth power of the biquadratie root "of | 
a+2; and fo of others. But it is to de chte that, 
| when. the rogt of a Ry. repreſented. by a fingle 2 
letter is to be expreſſed, the Line over it may be neg- 


lected; and fo a5. will ſignify the ſame as 5. 4, and f“ 


the ſame 28 715 F or * * The number or Eben, þ 5 
which the power, or root of any ! is tas 12 
| $gach, | is called its Index, or Exponent. N 


| 7 Mark = ( called the Sign. of equality 15 is * tq 

ſegnify that the quantities landing on each fide of it are 
equal, | Thus 2+3= : 5, ſhews that 2 more 3 is equal to - 
5; and 1 thevs that x iS * * the 2 e 
of 4 and 5. | 
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Te what has been thus far laid down on the fignifi- 
cation of the ſigns and characters uſed in the Algebraic 


Notation, we may add what follows; which is equally 
neceſſary to be underſtood. _ „5 RL 


When any quantity is to be taken more than once, 


the number is to be prefixed, which ſhews how many 
times it is to be taken: thus 3a denotes that the quan- 


tity a is to be taken five times; and 3bc ſtands for three 


times be, or the quantity which ariſes by multiplying be 
by 3: alſo 7 Va*+0? fignifies that Y T is to be 


o 


taken ſeven times; and ſo of others. 


The numbers thus prefixed are called coefficients; 


and that quantity which ſtands without @ coefficient is 


alays underſtood to haye an unit prefixed or to bo 


taken once, and no more. 


* 


Thoſe quantities are ſaid to be Il“ that are expreſſed 


by the ſame letters under the ſame powers, or which 
differ only in their coefficients: thus 36, She, and Bbc 
are like quantities; and the ſame is to be underſtogd of 


the Raficals 2 


„ 
* 


or by the ſame letters under different powers; thus 2ab, 
2abc, Sab and 3ba* ate all unlike.” e 


ſeveral ſingle letters joined together in multiplication 


without any Sign between them) as 4, or 246, it is 


Bat that quantity which conſiſts of two or more ſuch 


ſimple quantities, connected by the ſigns + or —, is 


called a compuund quantity: thus a2 + F abc is a com- 
pound quantity; whereof the ſimple quantities a, aab and 
abe are called the Terms or Members, 5 

The letters by which any ſimple quantity is expreſſed 
may be ranged according .to any order at pleaſure, and 


yet the fignification coutinue the ſame : thus ab may 
be wrote ba for ab denotes the product of 4 by b, and 
ta the product of b by a; but it is well known, that, 


— 


— andy . But unlike quan- | 
tities are thoſe which are expreſſed by different letters, 


When a quantity is expreſſed by a ſingle letter, or by a 


when 


: u * * 8 , 3 
* x n 
FIG, : E 
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phos 


hen this ies: 254 40: be-mulfipliad u 
matters not which E 
nor. which the multiplier, the product, either | 


© Thing, and may be uſed indifferently for each other” (a8 
will be demonſtrated further on); 1 it will be ſome- 
times found convenient, in lonig operations, to place the 


ſeveral Letters according to the , which they ob- i 


- fain in the alphabet. 


Likewiſe the ſeyeral . or terms of ich any 5 
quantity is compa; poſed, may be Gold, according to an 


order at pleaſure, a Fas yet. the Signification, be noways 


mains, When, from the 


28 uaf 
Lal is deducted. CE FE fo F 


Here follow forme Ambler herein hs ſeveral Forms 125 
of Notation hitherto explained are promiſcuouſly con- 


- 'cernedy and where the kignification af af each is W n 
in Numbers. | 2 
. Suppoſe a = 6, =; and c=4; then will 7 
a* + 3ab c 36 + 90 — 16 = 110. 
ee 432 — 540 +64 =—44, | 
a Xa + b== 2ake=36 * 11 — 240=156, 


FEE 1 + 16=12 3- 16828, 
* N 24c - ai) = == 8 12 8 * be 
A 40 | 


Zr 1=] 5 © 
VF=a + Ac Fc = 1 + = =". 
VI. ee Ve T = 3. 


This method of explaining the ſignification Xa quan- 
tities I have found to be of good uſe to Young Begine 
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_ . coming out the fame. In like manner it will Z | 
that abe, ach, bac, bca, cab, and cba all expreſs the ſame 


affected thereby. Thus a—2ab T 55 be wrote 

445 O ab, or 24 T 4. 54 b, — or all theſe 

repreſent the famne 7 f. viz. the quantity which re- 
um 
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ners: And would recommend it to Such, who are de- 
ſirous of making a Proficiency in the Subject, to get a 


. clear idea of what has been thus far deliverech before 


They proceed farther. - * © * | "UN 
os = x 7 1 1 


. 

Ps ** „ 11 0 
4 . — 7 4 þ 

r Py 8 . 
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: A DDITION, in algebra, is performed by cornect- 


ing. the quantities by their proper ſigns, and join- 
ing into one ſum ſuch as can be united: For the more 
ready effecting of which, obſerve the following Rules. 


1. I}, in the quantities to be added, there are Terms that 
are like and have all the ſame ſign, add the. coefficients of 
thoſe terms together, and to their ſum adjoin the letters 

common to each term, prefixing the common gn. 
Thus 5a And 5477 Alſo 5a— 7b 
added to 33 added to 7a+3b added to 74— 36 
makes 8a. makes 124 T 100. makes 12a—106, 
Hence 2/ad+ 7ybdc' i g2b | 2d 
likewiſe 4 3y/ab+ 2 V bg „ 
the ſum of 6 15 od 
will be l CCC 
VVV 
„ c 


1 


, * * 


The Reaſons on which the preceding Operations are 
grounded will readily appear by reflecting a little on the 


nature and ſignification of the quantities to be. added : 


For, with regard to the firſt example (where 3a is to be 
added to 5a) it is plain, that three times any quantity 
whatever, added to five times the ſame quantity, muft 
make eight times that quantity: Therefore 3a, or three 
times the quantity denoted by a, being added to 5a, or 
five times the ſame quantity, the ſum muſt conſequently 


* 


5 
„ 


7 


or ADDITION. | 8 7 * Ny 


j 


25. When, Sy. the quantities to be added, Harz are. like 


 ferms, ue whereof ſome are affirmative and others. negative, 


add together the. affirmatrve terms (if there be more than 


one) and do the ſame by the negative ones; then take the 


di ference of the two ſums (nat regarding the- figns) by 
Ws the coefficient of the leſſer. from that of the 


greater and adjoining the letters common 10 each ; te which 
4 1 Prefice 1 the e ſign of the greater. ; „ 
| "xamples of this Rule may be as follow. 

| - 12 — 55 | 

=- + 

Sum ga —35. by 

"+ bab + Taba — Bed + 2 17 + 84 
ab — gbc + 3% 5 
— 24 — _$be+ 12cd "$77 ab ＋ 3vbc + 9 


Sum—3ab — 2bc,+ cd. Sum 157% 0 + 4% Fe + * | | 


5. '[12abc — I6abd + 25acd — 72bcd 

+ = .>«I6abe.+'12abd + 20acd —» 185% 

: | 2 zabe — 26abd — 15acd + 12bcd' 
2b + 18abd — Ioacd — 1 6b ↄ ' 


Sum . - 47% 9 + PET IAG 


7 


| td 


4 . — "1 P 
5 8 * r > cunt waht —— 
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* 80 or eight fins "that q quantity. From 3 as 
the ſum of any two quantities is equal to the ſum of all 


their parts, the reaſon of the ſecond caſe, or example, i is 


likewiſe obvious. But as to the third (where the given 


uantities are '$a—7b and 7a—3b) we are to conſider, 
1. if the two quantities to be added tog ether had been 
exactly 5a and 74 (which are the two leading terms) the 
ſum would, then, have been juſt 12a ; but, 2 ince the for- 
mer quantity wants 7b of 54, and the latter 35 of 7a, 


their ſum muſt, it is evident, want both 75 and 36 of 12a;. 
and therefore be equal to 122—10d, that is, equal t to 
what remains, when the ſum of the defects is deducted. 


And by the very ſame way of arguing, it is eaſy to con- 


A the ſs, which ales by adding any number 
of 


+ 8Y be — — 12 . 
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20 or ADDITION. 
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ſhillings, but one crown p{zs one ſhilling, or a+6. 
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In the laſt example, and all others, where fractional 
and radical quantities are concerned, every ſuch quan- 
tity, excluſive of its coefficient, is to be treated in 
all reſpects like a ſimple quantity expreſſed by a fingle 
letter. | 5 5 ap 

3%. When in the quantities to be added, ren are Terms 
without others like to them, write them down with their 
roper ſigns. _ Op 5 
.. 23F- -- And aas 
added to 34 1 added to 8 4. . 
makes a+2b+3%+d. makes aa+bb+a+3b. 
Here follow a few examples for the Learner's exer- 
ciſe, wherein all the three foregoing rules take place 
promiſcuoufly. | VVT 
1. 2a + Jab + 8c T 42 

gan — 7ab ＋. Fc — 4 


Sum daa * ö : + Ice + f 30, : 


FI P—4 . 


"29s -> dim 


— Sr * 7 » hit. if : * 2 — 4 


of quantities together, will be equal to the ſum of all the 

affirmative Terms diminiſhed by the ſym of all the ne- 
gative ones (conſidered independent of their figns) ; 
from whence the reaſon of the ſecond general Rule is 
apparent. As to the cafe where the quantities are un- 
like, it is plain that ſuch quantities cannot be united 
into one, or otherwiſe added, than by their ſigns: thus, 
for example, let à be ſuppoſed to repreſent a Crown, 
and & a Shilling; then the ſum of a and b can be nei- 
ther 24 nor 26, that is, neither two crowns nor two 


25 


or SUBTRACTION. 11 


58 Var — 8 V= + 72 VIT ＋ X75 I 
' Sx" + 15 Via —xx" — 8 Vaa + 41 
-6y — 2 Vieux + 10 Vt + 4xx | 

Sum 19 Vax 3 5 . 14 Vie 1 b Re 
Wok * 24 — ” + 2635 — 30* i i 
1 3 2a* + 2 — 56 

4. — 268 + 5ab + 100 

a 204 + 160*'— be ws „ nn 
Sum 13% n 7 7 1 5 k 


2 1 
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| Of Subtraftion.. 


Uztraction, in Algebra, is erformed by changing all 
2 the Signs if the K. Kent (or concerving them to be 


changed) and then ee the ee as in ad- 1 
dition. 


2 


Ex. 1. From 80 1 Es. 2. From 8a + "Y 

5 take 54 f 3 * take 54 — 35 
Rem. 3a F 23. Rem. 37 + 3b. 

5 Ex. 3. From 8a — 5 Ex. 4. From BJ — 5% 
„ take I d . 36 
Rem: 2 — 85. #2 2 "mo. 3a — — 2b, | 


In the ſecond example, conceiving the ſigns af; the 
ſabtrahend to be changed to their contrary, that of 12 
35 becomes ＋; and fo the ſigns of 36 and 56 being 4 

alike, the coefficients 3 and 5 are to be added together, N 
by: caſe 1 of addition. The ſame thing happens in 
the third example; ſince the ſign of 30, when changed, 
is —, and therefore the ſame with that of 55. But, 
in the fourth example, the ſigns of 3b, and 5b, after 
that of 3b is changed, being unlike, the difference of _ 
the coefficients muſt be taken conformable to Caſe 2 in 


addition e © 
: | Other 
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here required to ſubtract. 5a—3b from 82+ las in ex. 
2.) It is plain, in the firſt place, that, i the affirma- 3 


much has been taken away by 3b; and therefore the true 
remainder will be greater than 82+ gSb=—5a by 3b; and 


the ſigns of the two laſt terms are boch contrary to what 


by uniting the like terms, is wh 3 +86, as ” 


B or SUBTRACTION, | 


Other examples in Subtraction, may be as follow: _ Rn; Y f 0 
From 204 +.5bc — 74 From 7 ax as + 7 
take 122 .— rhe tas — 5 — ax E: 324 Sz 5 


| From 6 * * xx + 2 


\ 


We. . my. - 150 FSF—9) 


— * 
/ 1 * 


Rem I + a = +: 2 Ne 
From. 7a —= + 64 —+ 4. 


uke PO = 44 
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In this laſt example the quantity a* in the TOY : 
hend, being' without a coefficient, an unit is to be un- 
derſtood; for 14“ and a* mean the ſame” thing. T he 5 
like is to be pbſerved i in all other ſimilar caſes, . h _ 


S OI. 
Rem. bt —=+ 74 


* 


— — n r N 


Tue Graunds of the 3 rule for the fubtraQtion 
of algebraic quantities may be explained thus ; Let it be 


tive part 5@ were alone to be ſubtrRed, the remainder 5 1 
would then be 834 56—54; but, as the quantity actu- No 
ally propoſed to be ſubtracted is Teſs than Sa by 36, too 


ſo will be truly expreſſed by 83 4 55—54 f 3b wherein 


they were given in the ſubtrahend; and where e whole, 


the example. 
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JEFORE 1 crocted to lay down 58 1 Ws 
for 4 pre quantities one by another, it Goes i 
e proper to the following particulars, in orde 
do give the er a clear idea of the reaſon and cor. | 
\ thinty of ſuch rules. 5 | 
5 ED #hen, it is to be obſerved; that when ſeveral _ 
its are td be multiplied continually together, the re- 
Sw or product, will come out exatty the ſame, multiply. 
"them according to what order you. will. .'Thus'a * x ©: 
a „ c * b, I X c * 4, Cc. have all the ſame values, 
and may be uſed indifferently : To illuſtrate which we 
may ſuppoſe a 2, b—=3, and c =4; then will a: x 
e 2X3 X 4 =243 4XeXb aK 243 
and h & K 4 3 * 4X 222 24. 
Secondly. F any number f 4 uvantities be dane 
ä thntinually rogether, ard any Abe. number of quantities 
be a 2 multiplied continually together, and then' the two 
produtts one int the other, the quantity, thence ariſing will - 
be equal to the quantity that ariſes by multiplying all the 
propoſed quantities continually together. Thus will abe x * 
de aK Xv NKAxN e; ſo that, if @ was r 2, % E 3. 
5, e = 65 then would abc & de = 3 X* 30 
2720, anda x > c XdXe=2X3x4%X 


720., The general Demonftration of or ate = 


is % _—_— i've e 
. 


Is : — * 2 "We" 3 —— 


The fllowing Denoafiratidis 2 on | this Prin- 
| ciple; that if two e, whereof the one is n times as 
great as the other (n being any number at pleaſure ), be 

multiplied by one and the ſame quantity, the product, in 


The greater quantity may be conceived to be divided. 
into u parts, equal, each, to the leſſer quantity; and 
the product of each part Gre the siren multiplier 1 


f / 


1 0 
5 * 8 
1 _ 


the one caſe, will alſo be n times as great as in the - = E 


's j * 3 1 7 ; 
p þ = N : 
* x 
, 
23 ** 8 
b a 8 - 2 
: * = 85 . . : 5 
5 # ® ' 2 S# 82 
£ 1 WS le, " 1 * 3 * 
= 1 2 k . > x 
4.7 my” * . 3 % & 
As . q LN. 3 b 4 & #8 * 
N uy 4 +. ARE ae,” oy , A oy : 17 
1 6 r WF, EL EL” 
N 46 OE ns . = M-.8- \4E * - 
% £5 : E 8 5 
# 7 4 on _—_ 4 "= 1 
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14 —_— OF MULTIPLICATION, 15 


The multiplication of algebraic quantities ies: may be 7 | 
conſidered in the ſeven following caſes, ä 


— — . DIE ——_ ba 1 1 *. 
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i x.» 


be equal to that of the ſaid leſſfer quantity; therefore the 5 
ſum of the products of all the parts, which make up tho 


whole greater product, muſt neceſſarily be » times as 
great as the leſſer - or the product of one ſingle 
ERa£ER TT TEST IEEE iii, 
"This being premiſed, it will readily appear, in the firſt 
Place, that Y x à and @ x b are equal to each other: 
For, ö X a being ô times as great as 1 & @ (becauſe the 
multiplicand is b times as great) it muſt therefore be 
equal to 1 x 4 (or 4), repeated ô times, that is, equal 
to a Xx , by the definition of multiplication 5 
Ihn the fame manner, the equality of all the variations, 
or products, abc, bac, acb, cab, bea, cha (where the num- 
ber of factors is 3) may be inferred: For thoſe that have 
the laſt factors the fame (which I call of the ſame claſs) 
are manifeſtly equal, being produced of equal quantities 
multiplied by the ſame quantity: And, to be ſatisfied 
that thoſe of different. claſſes, as abc and ach, are like- 
wiſe equal, we need only conſider, that, ſince ac x ö, 
is e times as great as a Xx b (becauſe the multiplicand is c 
times as great t muſt therefore be equal to a x 6 taken 
c times, that is, equal to@ x þ X c, by the definition of 
multiplication. F 
Liverſalh. If all the Products, when the number 
of factors is u, be equal, all the Products, when the 
number of factors is z + 1, will likewiſe be equal: 
For thoſe of the ſame claſs are equal, being produced 
of equal quantities multiplied by the fame quantity; 
and, to ſhew that thoſe ef _m claſſes are equ 
alſo, we need only take two Products which differ in 
' their two laſt factors, and have all the preceding ones 
according to the. fame order, and prove them to be 
equal. Theſe two factors we will ſuppoſe to be repre- 
ſented by r and s, and the Product of all the preceding 
ones by p; then the two Products themſelves will be 
repreſented by prs and pir, which are equal, by caſe 2. 
- 5 | 
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Thus, 
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60 MULTIPLICATION. „ 
8 1 8 pie gi en ares moles 4 togrthir ds.” 
plying nap zents one into the 2 and to * 3 


anne xing the quantity which, according to the method 


notation, expreſſes the product 125 the — prefixing t 7 7 ; 
the LEY _ 


fen + er. according as- 
ties are * or Songs. . 


The 4 „ „ ee 
mult. by 1 8 8 e ab 
makes LIE makes 3 makes 77aabdf 


n,. 
Fx 4 


Thus, = way of | Mluftration, b will appear. to 1 


S abced, &c. For, the former of theſe being equal to 


 evety other product of the claſs, or termination e (by 


| hypotheſis and equal multiplication), and the latter 


equal to every other Product of the claſs, or termination 
Az it is evident, therefore, that all the Products of diffe- 


rent claſſes, as well as of the ſame claſs, are mutually = 


N 8 to each other. 


So far relates to the fcſt general obſervation : It re- 
| mains to prove that abcd x pęrot is: 4 N h M C *. dx 
pK Nl X 5 Xt. In order togyhich, let abed be denoted 


by By then will-abcd x pgrst be denoted by x * prst, 


or pgrst x & (by caſe 1), that is, by pXqxrxeXiXx; 
which is equal to xxpXgxrxsXt, or axbXxcxdXx 


ÞXqXxrxXsXt, by the preceding Demonſt ration. 
The Reaſon of Rule I. depends on theſe two general 


Obſervations: for it is evident from hence, that 2a 36 


(in the firſt example) is = 2 X 4 * 43 * 2 
3x* 4 AG A X b S bab: And, in the ſame 
manner, 114% x ab (in the third example) appears 
to be g II KN NN nn INN 


axbxdxf = 77 & aabdf = 77aabdf. " But the 


grounds of the method of proceeding may be other- 
wiſe explained, thus: It has been obſerved that ab 
(according to the method of notation) deſines the pro- 


duct of the Species a, ); (in the firſt example); therefore [ 
the product of à by 3b, which muſt be three times as 
- great a the e is here * times as $ great), | 
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16 OF MULTIPL ICATION. . 
In thé preceding examples all the products are .. 
mative, the quantities given to be multiplied being ſoz * ' 
| but, in; thoſe that follow, ſome are affirmative, and | 
Wi ' | others negative, according to the different caſes ſpecified + 
_ in the latter part of the rule; whereof the reaſons will. 
| "—Y %%% © ee 9 


my 


Prod. — 3oab. Prod. — 30ab. . Prod. + 3oab. © 
Mult. - + 7* "ax Mult. — 7a. an +xx . i 7 
wy. y wi. 
| | ——ů— 2 — — 
_ Prod.—35xV ax Vg. Prod. 42abxy/ aa + xx x aa-yy 
WI In the two laſt examples, and all others, where radi- © _ 
1 cal quantities are concerned, every ſuch quantity max 
be conſidered, and treated in all reſpects as a ſimple 
quintitys expreſſed by a ſingle letter; ſince it is not the 
orm of the expreſſion, but the value of the quantity 
,,,, ß eo DI 
20. A Fradtion is multiplied, by mültiplying the nume- 
rator theregf by the given multiplier, and making the pro- Ph 
duct a numerator to the given denominatour. 
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will be truly defined by 3ab, or ab taken three times: but, 
ſince the product of @ by 36 appears to be Zab, it is plain 
that the product of 22 by 30 muſt be twice as great as 
that of a by 3b, and therefore will be truly expreſſed by 
Gab. Thus alſo, the product of the Species ab and c (in 
the ſecond example) being abe (by bare notation) it is 
evident that the product of 6ab by c will be truly defined 
by Gabe, or abc ſix times taken, and conſequently the pro- 
duct of Gab and 5c, by Zoabc, or Gabe taken 4 times, 
the multiplier here being five times as grelle. 
I: The Reaſon of Rule 29 may be thus demonſtrated : Let 
e numerator of any propoſed fraction be denoted by.A, 5 
ws ts . the 
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the denoniingror 55 ** the given Wunlelb Beamer 11 o 9 


A: 
then, I fay, that —< is equal to F * C. For due 


denotes the e which ariſes by dividing AC by B. 


and = the quantity which ariſes by dividipg A by B, i it is 


evident that the former' of theſe two quantities muſt be 

C times as great as the latter (becauſe the dividual is C 
times as great in the one caſe as in the other) and there- 
2 muſt be equal _ the latter C times taken, chat iss, 


— 4 7 


ad be equal 0 * C, as was to be ſhewn. 3. 


The Reaſon of Rule 3 will appear evident from — _ 
the preceding IR of Rule _ 2 or, it be- : 


ing there e * C is equal to © Fo it is ob- vis 


vious that 3. x 8 . RE 1 
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Sud quantities under the ſame radical fon as mul. 
ander lite rational quantities, only the Pool muff N 
under the ſame radical ſign. 

Thus, KI X 2 355 VT d ra . 
V 7be x V 5ad = Feated; 3/ ab * CLE = 15 Vabc; 
| a * 35% ar (= bab v 2 * V 5as * 
= e e KY $ and — — . & Sc „7 : d'= 
4567 6bab © 35355 5 a 


— a * J 


——_— ect. — — * Py ** a * * 
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4 ; — 


cauſe, 85 the ; multiplier Rat is but the D part of the 


AC 
former multiplier C: But 55 BD is alſo equal: to the D 


=_ of _ ſame . 3 Oy its A is — times 


AC 


as ; great a as that of : therefore theſe two duanti- | 


B 
ties, 55 * RITES AC being the ſame part of one and 
the Fur quantity, — muſt neceſſarily be equal to each 
other; which was to be proved. 
As to Rule 4 for the multiplication of Sailer © ra- 


dical quantities, it may be explained thus: Suppoſe 


A and VB to repreſent. the two given quantities to 
be multiplied together; let the former of them be de- 
noted by a, and the latter by. b, that is, let the quan- 
tities repreſented by a and b be ſuch, that, ag may be = 


A, and bb = B; then the product of VA by VB, or 
of a by 5, will 'be expreſſed by ab, and its de by 

ab x ab. but ab-X ab is = axbxaxb= aa & bb ty 
the general obſervations premiſed at the beginning of 
this ſection) ; whence the ſquare of the product is like- 
Wile truly expreſſed by aa x bb, or its equal A B; and 


conſequently the product itſelf, by VA x B, that is, by 


the quantity which, 1 multiplied 1 into ge pro- 
duces Ax B. 
n 
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* the Ka manner ihe biet of I = * DP F vill = ZI." 


ar to be / AB : for, if V A. be denoted by a, and | 
| 4B by. 33 ok, w which is the ſame, if aaa = A, and POP On 
bb = B; then will X * VB=a * (or ab) and WD 
its cube LES = %% K 5% = A5 „%% 068 
aforeſaid obſervations) whence the EO itſe If "will e 


evidently be expreſſed by V AB, AB. 


1 The Grounds of theſe Gene may 80 . | W 
explained. Firſt, when the exponents are whole: num- . 
bers, as in example 1, the demonſtration is obyious, En 
: from the general obſervations: premiſed at the begin- „ 
ning of the ſection: For, by what is there ſhewn, 40 
, Y or r X xxx is =x N * „ * N N A ( 


: Notation, ) But in the laſt example, where the expo- 


nents are fractions, let + 315 be repreſented by x3 P hg 
that is, let the quantity: x be ſuch, that XXX X * N : 


x NX Xx, or x* may be equal to c +93 ſo ſhall 7 + » "20 „ ch 
be expreſſed by æ*; becauſe, by what has been, n 1 
ſhewn, 27 x 4 is = s: and, in the ſame manner, „„ 
will Cy be expreſſed by x*; becauſe x* * * X 9 2 is 
likewiſe = = as. Therefore c +I 85 c + ** is = | 
* xXx =x= "the fifth power of 7 Elf which vs . 
c Tft, by Nut. . 3 OG 
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= 7 Compound, quantity is. multiplied by 4 TY / 
E b * term F the gage IG * the 
1b „„ | 


oY 1 * Ko 5 


Thus : . A 1 e * TY 
mult. b 7 34 mult. by 8c „ 


And 55 *—Bab+ bac7br+ 1 — 


mult. by 3446 8 
makes 1 Tha bc- Fe * er T 558 CR 


8 2 - 7 
Py 


5 To an the Reaſon of the 18 laſt Rules, 50 


it be, firſi, propoſed to multiply any compound quan- 
tity, as a + b— cc — 4 by any fimple_ quantity „ 5 


and, I fay, the product will be af: 4 bf — of — 

For, the product of the affifmative terms, a + 6, 
will be « + bf, becauſe, to multiply one quantity by 
another, is to take the :i,ultiplicand as many times as 
there are units in the multiplier, and to take the whole 
multiplicand (a + 5) any number of times (F), is 


the ſame as to take all its parts (a, Y) the fame num- 


ber of times, and add them together. Moreover, 
ſeeing @ + b — d denotes the exceſs of the. affir- 
mative terms (a and 5) above the negative ones (c and 
d,) therefore, to multiply a +,b — c —d by V is only 


to take the ſaid excels F times; but F times the ex- 


ceſs of any quantity above another is, manifeſtly, equal 
to F times the former quantity, minus f times the 
latter; but F times the former is 


+ bf (by what has been already - ſhewn) and F times 


the latter. (for the ſame reaſon) t be vn fe to of + 4, 
and therefore the product of a +b — c —d by is 


— to af + bf — F — df; as was to be proved. 
Hence it appears, that a compound quantity is multi- 
plied by a ſimple affirmative quantity, by multipl 
every term of the former by the latter, and — — 


the terms mes ariſing with the ns of the multipli- - 


cand, 


But, | 


| makes 34 8 3 makes 8a ee 9 


here, equal to af + : 
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of | MULTIPLICATION. "6; 
no. Compound quantities are ulis ied into one another, ö“ . 
by multiplying every term of the multiplicand by each term 
of the multipher, ſucceſſroely, and connecting the ſeveral — ̃ 
produ#?s thus ariſing with the ſigns of the multiplicand, i; 


the multiplying ferm be e Sat with. RY A eus ä 
T hus the product of | 5a 7 * 8 „ e e, 
will "yy EE OW,” 15 1 164 * 897 3 I 
which, contracted by unit 5 - j 

oy a + 19ax + br. | 
ing the like terms, is 150 if der 5 
— — eo — | — — * 3 — 


But, to prove that the Method alſo hotds Wha both, 
: the quantities are compound ones, let it be, now, pro ; 
poſed to multiply A— . then, I ſay, the pro-;  _ +7 
duct will. be truly expreſſed by AC BC-AD TBP. 
For, it has been alesy Reed, that to multiply ne 
quantity by another, is to take the multiplicand as 
many times as. there are units in the "multiplier ; and 
therefore, to multiply A—B by 'C—D is only ts 
take A—B as many times as there are units in CD: 
Now (according to the. method. of multiplying ce 
pound quantities) I firſt take A—B, C times (a EO 
ply by 0 os and the quantity thence ariſing will be AC - 
BC (by uhat is demonſtrated above), But, I was to: 
have taken AB only CD times; therefore, by —_” 
firſt Operation, I have taken it D 1 too pug 8 +} 
whence, to have the true product, I ought to de 1 
D times A—B from AC BC. the e thus LY 
5 but. D times A—B (by what is e Ip provel} © 1 
equal to AD—BD; which ſubtracted from A 
EBC, or wrote down with its fi ns chan gives 55 
the true product, AC — BC - AD + BD, as was 
te be demonſtrated. And, univerſally, if the ral of any 
_ propoſed term of the multiplier, in any caſe what. 
ever, be affirmative, it is eaſy to conceive that the re:. 
my wil woos than K would bo *. r 
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were no fa term, by 25 product of that term into 
the whole multiplicand; and therefore it is, that this, 


$5 3 * Tz * 4 22 Ing Cn 7 * Ne 
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TORT - Likewiſe the product ot Wil e EN 
„ 45 * @'b * ab* vi 1 e 1 95 E 
by Cad WIEESS 7 als Ws _— 
4 + 27 + 28. 1 I 8. . 5 4 
36 is r 45. e 
Which, by firiking out the terms that deſtroy 0 ene 


another, becomes 4. —64. ö 10 
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product is to be added, or wrote down with its proper 
figns, which are proved above to be thoſe of the multi- 
plicand. But if, on the © contrary, / the ſton of the 


term, by which you multiply, be negative; then, as 


the required product muſt be leſs than it would be, if 
there were no ſuch term, by the product of that term | 
into the whole. multiplicand, this product, it is manifeſt, „5 
ought to be ſubtracted, or wrote down with contrary. 
ſigns. - $- 7 
Hence is derived the common Rule, that like ons, 5 
produce +, and unlike Signs —— 
For, firſt, if the ſigns of both the quantities, or terms, L 
to be multiplied are affirmative (and cherefore /i#e) it is 
plain that the ſign of the . muſt likewiſe be affir- 
mative. 
Secondly, alſo if the ſigns « both quantities are he- 
gative (and therefore ſtill /&e) that of the product will 
be affirmative, becau uſe contrary to that of the multiplicands. 
by what has been ju Low proved. | 
Thirdly, but if he from of the multiplicand be affir- 
mative, and that of the multiplier negative, and there- 
fore 1nlike) the ſign of the product will be negative, be- 
—_ contrary to that of the multiplicand. Pe; 
aſtly, if the ſign of the multiplicand be negative, 
and that of the multiplier affirmative, (and therefore {till 
znlike ) the ſign of the product will be negative, becauſe 
the | ſame with that of the multiplicand. | 
And theſe; four are all the Caſes that can poſſibly | 
happen with regard to the * of ſigns. „ 

| Other 5 
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r MULTIPLICATION. | „ 
examples in M ultiplication, for the Larter „ 


; ae may be as follow; from which he may (if he 
pleaſes) proceed directly to [pens by Pe? over the | 
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The manner of proceeding in referring the 3 ; 
of the different caſes of the ſigns to the multiplication 


of compound quantities, may perhaps. be looked upon 
as indirect, and contrary to good method; according to 
WO it _ be * that theſe * ought ta 
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have been given before, along with the Tonk for mere. 
quantities, as it is the way chat e x \uthc 
the ſubject have followed. 2. 8 . FTE 


But, however indirect the att) he pull Ab 
ſeem, it appears to me the moſh clear and . and 
I believe it will be found very difficult, if not impoſhble, 
without explaining the rules for compound quantities 


firſt, to give a Learner a diſtin Idea how the product _ | 


of two {imple quantities, with negative ſigns, ſuch as. 

— þ and — , ought to be exp >. when they ftand 
alone, independent of all other quantities: And I can- 
not help thinking farther, that the difficulties about the., © 
ſigns, ſo generally complained of by Beginners, haye 
been much more owing to the manner {of explaining 
them, this. way, than to any real intricacy in the ſub- 


ject itſelf; nor will this opinion, perhaps, appear il! ; 


grounded, if it be conſidered that both '— a and — b, 
as they ſtand here independently, are as much im- 
poſſible i in one ſenſe, as the im aginary ſurd quantities 


2 and V—c; ſince the ſign —, according to 
the eſtabliſned Rules of notation, ſnews that the quan- 
tity to which it is prefixed, is to be ſubtracted; but, to 
ſubtract ſom eth ng from nothing is impoſſible, and the 
notion, or ſuppoſition of a quantity leis than nothing, 
abſurd and ſhicking to the imagination: And, cer- 
tainly, if the matter be viewed in this light, it woul 

be very. ridiculous to pretend to prove, by any few of 

reaſoning, what the product of —b by — e, or of 


I by V c, muſt be, when we can have 10 
Idea of the value of the quantities to be multiplied. 
If, indeed, we were to look upon — b and — c as real 
quantities, the ſame as repreſented to the mind by b 


and c (which cannot be done conſiſtently, in pure Alge- 15 


bra, where magnitude any is regarded) we might then 
attempt to explain the matter in the ſame manner that 
ſome others have done; from the conſideration, that, 
as the ſign — is oppoſite in its nature to the ſign ＋; 
it ought therefore to have in all operations an 


oppo- 
te — and r that. as the youu m_ | 


or MULTI 1 1 
1 - : 


F 


: AT 110 N. 1 5 
2. ban + is prefixed t the Salbe is to be added "4 555 


fo, on the contrary, the . 1 


fired, ought to bè ſubtracted. 
By this way of arguing, however riafougbly it ma 
„ ſeems to carry but very little of ſcience in 


| Recording to which the ſigns + and — are relatiye only 


to the magnitudes of quantities, as compoſed of diffe- 
rent terms or members, and not to any future opera- 
tions to be performed by them: Beſides, when. we are 
- told that the product ariſing from a negative multiptier - 
is to be ſubtrgHted, we are not told what it is to be ſub- 
tracted from; nor is there any thing from whence it can 
. be ſubtracted, when negative quantities are independent- 

yy ink to reaſon about oppolite  . 
effects, and recur ta ſenſible objects and popular conſi- 
— ſuch as debtor and creditor, c. in order to 


th conſidered.” And 


demonſtrate the principles of a ſcience whoſe Object is 


abſtract Number, appears to me, not well ſuited to the . 
- nature of ſcience, aud to derogate from the dignity of 1 55 
the ſubject. 1 5 
le 3 be allowed that in the application bf Alge- 


bra to different branches of mixed mathematics, where 
the conſideration of oppoſite qualities, effects; or poſi- 


, lutely negative becomes leſs difficult, 


abſtract Number; whereof the beginning is fixed in the 
nature of things, from WH we can proceed: only: one 


way . 8 | 8 A | 


There can, therefore, be no Jacks: things as nega- 


e numbers, or quantities 8 in pure : : 


= whoſe Object is Number, and where every: 


tiplication, Ard, Te 1 4 * 2 5 
” 


* fall greatly ſhort of the evidence and conviction 
of a demonſtration? nay, it even claſhes with Firſt | 
Frineiples, and: the more eftabliſhed Rules of notation ; 


— 


tions can have place, the uſual methods have a, Sas 0 
foundation; and the conception of a: Þ amy abſo- 
hus, for ex- 
ample, a line may be conceived to be produced out, 
both ways, from any point aſſigned; and the part 
on the one ſide of that point being taken as poſitivt, the 
other will be negative. But the caſe is ot the ſame in - | 
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| Hon; rl of Numbers, even in the application 1 
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For, when we reaſon upon the quantities themſelves, "ng 
and not upon the numbers expreſſing the meaſures; of 

them, the proceſs becomes purely geometrical, whatever 
ſymbols may be uſed therein, from the algebraic nota- 
tion; +which can be of no. other uſe here than to Os 5 | 


viate the work. 


However, after all, it my beef to fra upon 


N kind of evidence the multiplication of negative, 
and imaginary quantities is grounded, as, theſe ſome- 
times occur, in the reſolution of problems: In ofder 


to which it will be requiſite to obſerve, that, as all our 
reaſoning regards real, poſitive. quantities, ſo the al e 

braic expreſſions, whereby ſuch quantities are exhi- 
bited, muſt likewiſe be real and poſitive., But, when 
the problem is brought to. an equation, the caſe * ; 


indeed be - otherwiſe; for, in ordering the equation, 


much may be taken away from both ſides thereof, as 6 Ya 
leave the remaining quantities negative; and then it is, 
chiefly, that the mplupucation * ee ee ; 


2 takes place. 


« 


4 


Thus if there were given hs chuation - 1 — 7 2 c | 


(in order to find x); then by ſubtracting the quantity 4 f 
from each fi de thereof, we ſhall have 15 7 oy —43 5 


which multiplied by — —b, actors * to the general Rule, | 


gives * = = — cb + ab; that is — 7 by — 5 will give 


+ ; 6 by — 5, wich; and —aby—}, + ab; which ge 
appeat to be true becauſe the products being thus ex- 


preſſeq; the fame concluſion is derived, as if both ſides 
of the original equation had been firſt increaſed by 


_ — c, and then multiplied by by; where both the mul- 


oy 


tiplier and multiplicand are real, affirmative quantities, 
and where the whole operation is, therefore, capable of} 
a clear and ſtrict demonſtration : but then, it is not in 


conſequence of any reaſoning 1 am 88 of forming 
| about 


* . 


it 


1 


| indegententy, that 1 can; be- al 
I. to be expreſſed in that manner. 
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it may not, therefore, be improper to remark here, that 
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be very abſurd to pretend to demonſtrate what the pro- 
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__ Theſe Operations are founded * on this Principle, 
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the mer) 8 Ubenct, by the Prindple ore quoted, 
the ſame quantity, as it meaſures the whole dividend, 
muſt alſo meaſure the remaining part of it, ab* + 3553 
dut the divifor, we are in ; es of, being a compound 
one, we may caſt off the ſimple diviſor 6%, as not for 


our purpoſe ; whence a + þ appears to be the only com- 
| 2 diviſor the caſe admits of: which, therefore, muſt 

be the common meaſure , if the n 
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„ that it is not reducible by any ſimple Uvifor ; 
but to know whether it may not, by a compound one, 
J proceed as above, and find the laſt remainder. to be the 
ſimple quantity 7xx - whence I eonelude that the frac- 
tion is atready in its loweſt terms, | 

Another obſervation may be here made, i in relation 
to fractions that have in them more than two different 
letters. When one of the letters riſes only to a ſingle 
dimenſion, either in the numeritor or in the denomi- 
nator, it will be beſt to divide the ſaid numerator or de- 
nominator (which ever it is) into two parts, ſo that the 
ſaid letter may be found in every term of the one part, 
and be totally excluded; out = the other; this being 
done, let the greateſt common divifor of thefe two parts 
be found; which will, evidently, be a diviſor to the 
20 hole, and by which the diviſion of the other quantity 
is to be tried; as in the following example, where the 
1 x3 + ax* + b — 2a*x + har — 25a 
raction given is — . —— . 
Here the denominator being the leaſt compounded, and 
b riſing therein to a ſingle dimenſion only, I divide the 
ſame into the parts »* + 2ax, and — bx — 2ab; which, 
by inſpection, appear to be equal to x + 2a Xx x, and 
* | 2a x —b, Therefore x + 2a is a diviſor to both 
the parts, and likewiſe to the whole, exprefſed by 
x T 2a x x—b; ſo that one of theſe. two factors, 
if the fraction given can be reduced to lower terms, 
muſt alſo meaſure the numerator: but the former 
will be found to ſucceed, the quotient coming out 
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x* — #8 + bx — ab 
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ducible farther, by x —b, ſince the diviſion does not 
terminate without a remainder, as upon trial will be 
found, 
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Having inſiſted largely on the reduction of fractions 


| to their leaſt terms, we now come to conſider their re- 
duction to the ſame denominator. "1 
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5 the third, may be 
>, _ Now the three numbers ſought being, reſ 


noted by», 75 and 5 the queſtion, in Ugebraic terms, 
ſtand thus, : &) | 
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Let the number ſoug ght be repreſemed by» 4% 1 — : 
then will its 55 denoted bj * 8 
whence, by the conditions of the quel ion, #+75 84% 
this equation, by tranſpoſing x, becomes a JS. 2m GT 


from whence, dividing by 3, we have x = & =459 
which i is the number. that was to be Soul (forit its Jain = 


that 25 + 25 * 3 25 X 4 = 100), 1 


PROBLEM II. 5 =. 
dor number is that, which being added to 4, N ak I; 
multiplied by 4, the produkt fhall be the triple of 2 Yr FE. 
Let the number ſought be Ro by 15 x; 
ſo ſhall the ſum be deneted * 3 4443 ö 
and the product by ß pk, "&Y ©: 
whence, - by the conditivas oY he "queſtion, 4x =, © . f 
＋ T 4 „ 33 that is, 4x = 3 + 123 N l which Wo 
tranſpoſition, * 2 12. | 1 „ 8 
PROBLEM 8 ad 
7 find two numbers fath, that their Jum ſpall be 30, . . 
he difference 12. = 
If x be taken to denote the lefſer of the two numbers 5 : 
than, by adding the difference 12, the greater number 
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Fr 75 22, and 371. are the ſeveral 0 n os: 
e , 1 15 
. . - 28 PROB EL EM vn. e . 
„„ = find three numbers, \on theſe conditions; that 1 ſum 
. of the firſt and fecond ſhall be $51 of the fiend hire” 16; 
2nd e the ſecond and third 17. 5 | 
>: +. If he att” number be denoted by TY ther! is plan, 1 
5 by the queſtion, that the ſecond wil be repreſented by 
| 15 — x, and the third by 16 x. But the ſum of . 
| - _- theſe two laſt is given equal to 173 chat is, 31 — 24 = 
- "Fs: whence, by tranſpoſition, I4 = 2x; and hs” wo : 45 


. | quently * = — = = = LI Hence 15—e=8, and 16—. | wp, 
= 95 which are the other two numbers ab, I —_ 
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The number ſought being denoted by x, the double 5 
3 | thereof will be repreſenedby 2x; from which: dm) | 


— 


r 


ning 16, the remainder will be 2x — 164 and its ex- 1 
| cells above 100, equal to 2x — 16 — 100: therefore "5 
© cake 16 — 100.= 100 — x, by the pony ROY 
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| ©$5 divide the number 75 into two ſurh parts, that three 

times the ratur may exceed ſeven times the Mer . 1. 3 

Let the . part de =x then. will. chu e leer 39 
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2 6lb. : was, capper ; one third of the whole — 12lb, in; 
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Jo perſons, A and B, having at equal | 1 
| money, A out of his paid 25l. and B of his ev > 2 
then it appeared that A Bad K twice as much money as B „ 
Nas: n did each: receive 5:7: on 
to denote the ſum recaived. by each- ber.. 1 
5. 1en 5 after paying away. 25ʃ. had —— 25 * 1 1 
and B, after paying away Gol. had * — 2 60: hence Ne wy > - 
* 25 =, 2x 120, by the queſtion. ; and therefore, -. - 22M 
120 25 . xy that is, 95 = . 3 
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48 1 fud that number, ge! 1 re eau. its 4 | part AE + 9 
Let the number fought. be. repre n © . „ 
4 25 = 12, by the conditions of- the problem; „ 


3 
which equation (by multiplying every numerator into all * 
the denominators, except its own) * 4x — * „ 
N 144: 3 „ 
PRO B L E M XII. . „ 
What ſum of money ts that whoſe + 2 part, 2 | + parh, and 
(park added together, all amount to 94 pounds ; 7-4 
re * HG 1 number of pounds — then will ' "4 
1. . =94: from whence, by aalen, 20x 4 = 5 3 
vhs + 12x 55 94 * 60, that i is, 47x = 9 bo; and — 
therefore & = 2X bo = 120. _ 7 
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me & <6 + 2. FO * 3% "4 IF by ö oo x, 7% ONO * N * ** 
** FITS 93 een * = 3 * 9 . 
8 Ly \ 2 N 2 wh * N 
y þ 5 3 %. . I, Fl 
gd SEL . * l 85 
* * ** 5 5 J A > % — b * ; 
1 > Fa þ a P * 
: * * — * 
: i. ny * 
7 * PL, * 
. 7 b 
N x. 
» 
FO 
4 


58 i 
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and, if all cheſs. be added together, we - ſhall bars 


1 = — 24 = = x; by . Hence by 
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i 
reduction, I2x + 8x + 3 576 = 24x; therefore 5 
2x = 576, and æ = M's 4 288. 80 that oo, were . 


x28]b. of copper, 34 of tin, and 76lb. of lead. 


PROBLEM wv: 

2 6 of money is that, from which 31 being ub 
trated, two thirds of the remainder ſhall be 4ol.? 5 

Let æ repreſent the required ſum; then, 5 being ſub- 

tracted, there will remain * — 5 two thirds of which 

will be x— 5 & 5» or 2 


is e 8 V's 


- 3 and 5 ” the E | 


we have . = 40: whence 25 — 40 = 120 


5 
and x = 2 = 65. „ | 
PROBLEM xv. . 


What number is that, which being di vided! by / 12, the 
quotient, dividend, and diviſor, added all together, ſhall 


amount to 64? 
Let x = the required number; ; fo ſhall 


_ + x + 12 = 64, by the conditions of the queſtion. | 
1 g 


624 


| Whence « + I2x = 52 X e 135 = = = 6243 and con- 
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| 20 . two numbers i in the proportion of. 2 4% 12 7 that, ; 
57 4 be. added. tacach, the two Hape. thence arifing. Bal be in 


5 | Proportion as 3 to 2. | 
5 Let x denote the leſſer number; chen the greater will 
. by ha denoted by 2x and ſo, by the queſtion, .we ſhall have 
© 2s. +4ix ＋ 4:32. From whence, as the product 


of the two extfemes, of 2 4 four proportional num- 
of the two means, (e 
« Theorem 1.) we have the following equation, | 


bers, is equal to the produ 
Section . 

vi. 2 ＋ 4 * 222 A 3» that is, 4x. . 1 
3 ＋ 12 ; whenee & . N are the 
c] e WY were e e, b 
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; prize of 2000]. was divided between 110 5 whaſe 
"ares therein were in Lok phone 2 1 to ge . was the 
cf - | ſhare faced Fu ee cnt; 8 
| If » = the Qaprof. the firſt, then that, br he Corn will 
be 2000 - —x; and we ſhall have x:2000— #: : 327 5. 


"Ox = 14000 = 75 from which «is found 2 485 — = 
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1 and 2000 — 2 1125 
„ PROBLEM XVIII. 856 
* 7 bill 7 120l. 10 paid in guineas and e hid the 
number of pieces of both HTS was Tor: 19039 nd how wy 
tere were of each. 
--If a=: the pombe of guineas, then will 100 — * be 
. number of moidores : therefore, the number of 


120 x 20 = the ſhillings. in the whole ſum : hence, 
Bf e 21 & ©. 2700 — e $4901 and 


x 

x * &# 4 
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Hence, by multiplying the extremes and means, 5 


dillings in the guineas bring 21 and, in the he moidores, 
. * 100 — . we have 21. x +. 27 * 100 — x = ; 
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4 labourer WEI? to e 40 Pip on og 
that for every day he worked he was to receive 20 penes, but” 
that, for every day be 1254 or was abſent, he was to fbfeir 
8 pence ; now after t 175 were expired, it was ww 


that he had to doing 9 


4 whole, 380 pence: the queſ- 


tion is, to find how many ways of the Toy. he worked, and : s : : . 


how many he played. 

Let the number expreffing the days. he worked, be re- 
preſented by æ; then the number of days he played will 
be expreſſed by 40 — x : moreover, ſince he was to re- 
ceive 20 pence for every day he worked, the whole num- 
ber of pence gained by working, will be 2ox ; and for 
the like reaſon the number of pence forfeited by play- 

ing, or abſent, will be 8 K 45 —x, or 320—8 * 
which Powe oy: from 20x, leaves 28.320, for the ſum 
total of what he had to receive: whence we have this 
equation, 28x — 320 = 380; from which'28x = 380 + 


320 = 700, and conſequently x = = = 25; equal 


to the number of days he worked; therefore 10 25 
=15 wal be the number of days he played. 1 


PROBLEM XX. 


farmer ond mix two ſorts of grain, viz. wheat; 
worth 48. a buſhel, with rye,. worth 28. Gd. the buſhel, ſo 
that the whole mixture may conſiſt of 100 buſhels, and be 
worth 38. and 2d. the buſhel : now it is required to find how 
many buſhels of each fort muſt be taken to make up ſuch a 
mixture. ö 
Let the number of buſhels of wheat be | put = , and 
the number of buſhels of rye. will be 100 — x : > but the 
number of buſhels multiplied by the number of pence 


per buſhel, is equal to the number of pence the whole 


is worth; "therefore 48x is the whole value of the wheat, 
and 30 X 100 —x, or 3000 — 3ox, that of the rye; 
and conſequently, 48x + 3000 — 3ox, the ſum of theſe. 
two, the whole value of the mixture: which, by the 
A is equal to 100 * 38, ol 3800 pence hence 
3 we 


5 . the ; Rapotorzon.of Prokas, f | | * 7 ; 


* 8 Wg 67 + R 5 — 30 = = 3800; an therefore. 


rr 


22 of he under « wy * os will be x x00 
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by 95 125 to ong men, 30 buſbels 97 SS and 40 
of barley, and for the whole — 270 fbillings ; and to 
another he ſold 50 buſbelt of wheat and 30 af barley, at the ' 
fame prices, and far thexwbole riceiuad 340. billings r now it 
11 re 8 N e \ grown cf ar” es 
Let x and y be, reſpeQively, the number of ſhillings. 
i} a "biitha of each ſort was ſold for; then, from the 


conditions of the W we ſhall have * two ogy | 


om Vige 18 85 1 
5 or + 40 = _ „ 
308 ＋ 30% = 340%ß% - e 

from 4 times the lecond of whick uber 3 34 times the ' 


* 8 


firſt, fo ſhall 120g = — 5503 and conſequently * = _ 9 85 


110 
= TI: moreover, by ſubtracting 3 times the ank from 
| 5 times the firſt, & 5 wil have 110 = = 339 nor ers.” | 


| 110 | 8 4 Bs 
For | US E4 MW x3= an, | CE 9 2 1 
n — | 


A in ating he father bo ola he Was, received od. - | 
foley g reply ; My age, ſays the father, 7 years ago, was 


Juſt four times as great as yours at that time; but 7 years - = 


e wil then be only double to 


Henle, if.you. and I live, my 4 
| ge: 5 15 egi . 
u.. 
IJ. et. * Spes FE age of he: fon reg years be⸗ 
. the queſtion; then che age of the father, at that 
5 times Was 4x, "by the * of the ae and, 
| 3 


* the oge 12 each 7 | 
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96 25 | The Avprcarion of Aron, 
if each of theſe ages be increaſed by I4, it 180 lat in chat 


oY ; 

1 1 
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in $43 


x +14 and 4 +*14 will reſpectively expreſs. ie two 


ages 7 years after the time in queſtion; whence, Again, 


by the problem, we have 4% +14 =2 x x + 4 ; from - 
Which x =-7, and 4x = 28; therefore 7 + 7 "OY 5 


and 28 + 7 = Þ 4. are the ty the two. ages required. 1 
For 35 — 7 * = 14 1 74 7 * 4, i 5 8 Aan 14 5 bh | 


2 „ 
N 


3⁵ N Nn ee ee 


wa en ON Ado at We Ane 


| 5 P R 0 B P. E M XXIII. Aud i W 
- io ' gentleman hired a ſervant er 12 months, and agreed 1 
to allow him 20l. and a livery, if he ftaid, till the paar 


was expired; but at the end of..8, months the ſervant went 


away and received 121, and the livery, as a proper goal : 


part of his Wages < we. guat 1 what . Was the liver 
3 . 


Let x be the value ſought; then 20 94 * Nel be the 
whole wages for 12 months, and } 12 ＋ x, the part thereof , 


which he received for 8 monts. 


But, the wages being in the ſame proportion as the 


times in which they are Earned, or become due; we 


| 144 and x= W- 1 25 
4 


therefore have, as 12: 8:: 20 + * 12 + x; whence 


12 * 12 + x = 8 * 20 + x, or 144 4 12 = 160 + 8x, | 
(by Theor. 1. p. 72) conſequently 124 — * = = 160 — 


wy 5 * y 
1 — 
* 4 


9 =_— 
$7 WOES 
% 4 S. 
* * —— 
* Wits 
* e a * 5 Ex 
, gs. 
- » 4 


PROBLEM Arb 02") 


Four ere A, B, C, D, pen icbenty prllngs in n- | 


pany tegel, er; whereof 'A 'opojed to pay 33 BZ; 
and Ds part; but, when. 11 e money came to he a 
they faund it was. not ſufficient to anfwer the intended. Pure 


poſe © the queſtion then 18, ta And how much each perſon muſt 
contribute, to make up the whole. rechoning, ſuppo) ing their 
ſeveral ſhares to be to each other in the proportion eee 


ſpecified © 
Let * be the ſhare of A; then it will de, 28 ; 


— : I» or, 25 4: 32: *: bet ſhare of. 55 and, as 


Tl Tb 


* 


Wenn * . 1 N Ne * We 

n R 85 n 

e * 9 5 * * a 4 NT 

K 54 * e q F h 

* 's 5 ” * 5 95 

3 = 7 * 0 Ms k * : 

2 N 1 i . 7 a & Fg 0 
; N \ | 1 2 = 
. þ 7 — 

— , 6 1 

— * 1 * 7% \ 8 ; 


OST t the arenen babrukus. 5 bn; Es 
dees 3: 285 * = the ſhare of C5 at, 28 


1. ene 


** is 7 


2 $0,482; 13 125 2. - : the ſhare of P. 
e 


* Therefore 4 the nau, x += * + 2. + 2 291 15 


-whence, 40x + 302 + 24% * 20 — dee, that is, 1144 


= 850 and conſequently 4 


tel 


— 800 
= the ſhare | 
714 14 n e 


of A; therefore (3 )e of B ll be = = 519: that | 1 
"og 5 


® 4 rage = 


FFF Kb 


4 ad bet woman bought i in à certain number o 725 egg, r 
em all out 


1 the rate of 5-for. tzwo pence, and loft four 7 ma by Ja 5 


a penny, and as many at 3 a penny, and Let t 


doing : what number of eggs did ſhe buy and ſell 


Let x be the number of eggs of each price, or ſort; 


then - 7 will be the number of pence which all the firſt 


- fort coſt, and Ze the price of all the ſecond fort; but 


the Whole priee of both Sort together, at the rate off 
2 for two pres! at Which they were ſold, will be 


N k By 


— 


7 2s 5: 2: 2 hs wt number of LO! © 2 5) 


: | 
1 5a + rox — 24 = 120, and N 2 = 120. 
For 120 120 2 


— 1 — i 


e 


| PROBLEM xXxvI. | 5 
4 compoſi ſtion 0 2 copper and tin, containing. 100 cubic 


inches, being weighed, Its 2 roa e to 5 5050 Qunces © 
G 4- how 
4 5 Bo 


= 60. + Me] = 4: 


3 


88 | The Arrisen rien of b . on 4 
how many ounces of mb metal did i it contain, 


$05 — x will be the er of ounces of tin. ang * 


be had left, and ha 


98 


weight of a cubic inch / copper to: ** be 5+ WY 21 8 4 Ne of 


| a cubic inch of tin 47 


Let x be the number of ounces of copper 3 ; "I | 


have we 7 
57 11 (cubic inch) : : * 7 S inches of copper, 


1: I (cubic inch): i505: x: $0 5 — T * inches of tin. 


Therefore £ 51 + —— * = 100, 1 the queſtion 
— | r 
Whence 44 X x+ 5 * 505 — x = 55 X 4+ X 100, that is, 


| — LITE . — A ar. —.— 5; 


4X4 | 1 5 
Ach, by halting the common diviſor, / Cabomes ; 
17% + 21 & 505 — x = 21 * 17 8 = 8925, 
or 17x — 21K = 8925 — 10605 5 — 1680. From 


whence * = 1680 _ = 420; and 395 1 => wy | which 


are the two numbers required. 


The ſame otherwiſe. 


8 x to be the number of ſolid inches 4 cope 
per; then the number of inches of tin being 100 — x, 
we have 5z X x + 44 X 100— x = 50s, that is, 
giy + 425 — 45x = 505, or x = 505 — 425 =$0x- 


| which, multiplied by 52, gives 430, for the ounces 
copper. Bo i 


PROBLEM XXVII. 
A ſhepherd, in time of war, fell in with a party of ol: | 


1 who plundered him of half his 2 and haif a 
im, who took ha alf whey 1 


over ; afterwards a ſecond party met 
a ſheep over; and, ſoon after this, a 
third party met him, — uſed him in the ſame manner; and 


then he had only ſtue ſbeep left © it is reguired to find what 18 
Fumbyr of ſeep 172 = P 


had at fit th al 


uſual), be de number fougltz wen ac 
cording to the que ion, the number of ſheep left, after 
being plundered the firſt. time, will” be exprefled by 


Fn wa a the half of whic 


(whence üben dug k. the remainder 4 — 155 
1 

will be the number of ſhoep- left: after being pigs . 

dered the ſeco 1d time: | in lire manner, if from EILD 


{he half of £3 r you; again, take b there gill re- 55 


* 223 


main W 1 e e. = Th =7 the number of ſheep re= | 


maining : at laſt. Hence we. tive * 5 55, | there- 
fore #—7=40, nds =47, | WE 8 50 
Gl PROBLE M xxvitt.- 


De 1 of two numbers being giuen, ou th. 


and the difference of their ſquares, equal” 10 493 to, find . 
the numbers. N 
Let the leſſer FP be x; \ Mw the difterepce be+ 
ing 4, the greater muſt conſequently be * + 4, and its 
ſquare xx + 8x 4 16, from which x, the ſquare of 
the leſſer being taken away, the difference is 8x + 16; 
therefore 8x, ＋ 16 = 40; which, reduced, gives & = 33 
whence x 4 4 74 ; de Wis: two required NUM 
bers are 3 and 7. N 
All the problems hitherto en are reſalved by a 5 
numeral exegeſi 7s, wherein the unknown quantities, only, 
are repreſented. by letters of the alphabet; which: ſeem- 
ed neceſſary, in order to ſtrengthen the Beginner's 
idea, at ſetting out, and lead him on by proper gra- 
dations: but it is not only more maſteriy and elegant, 
but alſo more uſeful, to repreſent the known, as well 
as the unknown quantities, by algebraic ſymbols ; ſince 


is 3 3 from Rs 


from thence a e * is OY whereby = 


al. 


that, if the difference of the 3 be divides by. 


PY . 


numbers, will be 5; from which ſubtracting (2) half 


and the difference of their nl equal 10 120 ; 10 find : 


90 The. APPLICATION of. Ae, 8 | E 

21 . queſtions of . the ſame kind, Ay be re- Ei: + 

ſolv | FE 3 
As an inſtance. hereof, let the laſt problem * again | 


reſumed ; then, the given difference of the required f 
numbers being deneted 4 4, the difference of their 
r 


ſquares by b, 5 the leſſer number by x ; the promer 


will be x + 4, and its ſquare & + 2xa + a*; from 
which, x*, the ſquare of the lefler number, being de- 
ducted, there remains 2xa f = he whence, if aa 


be ſubtracted from both ſides, there will rem 


b—aa; this, divided by 20 gives * . 42 2 


3 


conſequently * 4 ee e 2 — Hence ie appears, 


2a 


twice the difference of the numbers and half the dif- 
ference of the numbers be ſubtracted by 


of the ſquares, divided by twice * difference of the 


EEE the” 


m 'the quotient; _ 
the remainder will be the leſſer number ; Hh. if half 
the difference of the numbers be added to the quotient, 
the ſum will give the greater number. Thus, if the dif- 
ference ( a ) be 4, and the difference (5) of the ſquares 


40 (as in the caſe above); ; then ( =. the difference TH 


the difference of the numbers, there remains 3, for the 


leflet number ſought; and, by adding the faid half 


difference, you will have 7 = the greater number. In 


the fame manner, if the difference of the two numbers 


had been given 6, and the difference of their fquares 
60, the numbers themſelves weld have come out - and 
8: and ſo of any other. 


 PROBLE * XXIX. | 
Having given the ſum of two numbers, equal to Jo, 


the numbers. 
+ Puta = 3o, and b = 120, and let x hs the leſſer num- 
ber fought, and then the * will be a—x; whole 


_ ſquare 


þ - 


tdi ch RecoLorion ol ibis: 


| ſavare is 00 ol fo * from which the ſhure öf the” 
leſſer being ſubtracte we : have - ang: Abr = this rem" * 0 „ 
duced, > gives a, the lefler: number, EE Ing = 0 1 9 
| "20-1 | Wy 

Therefore the e . will be = = 5 — No „„ 
high Sep | gelt 1 made! is * — X's our- enquiry, or Nb 
put &, the lefſer would have been 4 — x, and its 
L526 4 a OT; N N e "OE ** leaves 


Bs 5 


5 
\ 


«et 4% 15 


I 40. Sn, 2 Yule” 
| Wap” nd 
= = 17, the 1 . bt 5 Gor | 5 PT Fg 1 85 n e 


5 PROBLEM» XXX. 


© %; , 937 75 
d 7 


If on one _ A, alone, can an efeft 7 in FY 
| time 4 45 and another agent B, a lones,. in the time b; in how 
lung time will they both together Produce the fame elt 8 


Let tlie Ac ſought | be denoted, by x, and it will be, 
asa: *: . = „ Shs: part 0 effect produced by 4 MA 


** 


(e, 5.972) allo, 25 55 ant Fo the part be- — 


| duced by B: therefore NE, 8 . Divide the whole | 3 


by 65 and you" Will have £ EF Bi 1; and his, re- 


"£% 7 « 
4 X PE: > <5" 5h 
* 1 4 54d a. : 7 


duced, vive 2 * =z ab 
a + 


there be three agents, A, B, and G, the time wherein 
they will all together produceche given effect, will come 
| abc 8 
out = 8 3 BEES EO; 
| 2 8 
Example. Suppoſe A, RE can — 4 piece of 
work in 10 B, ane in 12 days: and C, alone, 
in 10 n 3 then all three 8 will perform the 


) 
; 8 
Page 


Aer the fame manner, i \ 2 EO 


92 The Arriicario 5 Ar bn 


- fame piece of work in 44% days; for 10 15 = . 
o being = 10 5 = 12, © er 16, it is plain. har 
abe 9 . 


10 „ 12 16 


( 
PROBLEM XXXI. 


ab + ac + be 


Tivo travellers, A and B „ ſet out together from the . f 
place, and travel both the ſame way; A goes 28 miles b 
firſt day, 26 the ſecond, 24 the third, and ſo on, decreaſing. 
tuo miles every day; but B travels uniformly 20 miles, 
every day : naw it is required to find how many miles each. 
perſon muſt travel befors B | 


comes up again with A 3 
et x = the number of days in which B overtakes 


A: then the miles travelled by B, in that time, will be 


10 EIS T6 T Fan 459 


PIES do. Bk 


20x; and thoſe travelled by A, 28 + 26 + 24 + 22. 
&c. continued to x terms; where the laſt term m ( on 


Section 10. Theorem g) will be equal to 28 — 2 * #— 11 
or 30 — 2; and therefore the ſum, of the whole pro- 


greſſion equal to 28 F 30 — 2x x Is, or 29x — z (by 


Theorem 4.) Hence we have 20x = 29x — x*; whence 
20 = 29 — x, and x =9g: therefore 20 * 9 180 
is the diſtance which was to be found. 


PROBLEM XXI. 


To find three numbers, fo that + the fp 3. 75 
cond, and 1 of the third, ſhall be e ally 7 62 1 to ref 


fuft, + of the ſecond, and + of the third, equal ry 477 


and 1 of the firſt, + of the ſecond, and + of the i third, equal 


fo . 
1 ut a = 62, þ * and e = 38, and let the num- 
bers ſought be denote 


by xy 5, and az; then the condi- 
tions of the problem, expreſſed in algebraic beun will 


| land dus, 
3 2 
* b, . 
3 > i 
x 8 
r 


5 | bx. + ,4y'+ 32'= 122, 1 
20 + T$p-+ 134 == 606, 
© | 15x + 1% T 102 . Go. 

5 Abd by fubtracting the ſecond of theſe equations 
' from the quadruple: of the firſt, (in order to extermitiate - 
æ) wehavegx + 3 = 484 — 600 3 moreover by 9 
3 times the third from 10 times the firſt, we have 15x + 
40 = 1204 — 180 this ſubtracted from 4 times the 
laſt, leaves x = 720 ms 240 b + 180c:=-24 ; whenee 


- uh {48060 — ohm =S 4 e * 
= = 120, Ts . g's 


b + 220 = = 14.4 5p + 30= 62, 
WHEN 8 +15+24= 455 0 
= 3 oo - +, 2y = 64 12/4/40 = 38. 


O04 . 
5 PROBLEM XXX. 
4 zeutlman left a ſum of money to be douided r 


four ſervants, fo that the ſhare of the f was I the ſum of 


"the ſhares of the other three; the ſhare of. the ſecond 
i of the ſum of the other three; and the Hare of the 
third © 1 of the ſu of the other three; and it was alſo found” 


| that the ſhare of the firſt" exceeded that: of aal. by 141: 
a 


t was the | 


the qu N is, what was the whole Ju, and 
Mare of e ach perſon'? 


Let the ſhares be repieſented by by 4 ”, 2 ents; u, re- 


Lil and let a = 4 3 z then, by the Te 1 we 
] lit 85 


0 . +; Pos . 8 EB, ger: 7 
[I f « x $ 2 ; bh 4 5 * 5 F 8 "i : . 
ch, CICAre & * —W kf 


A 


\ 


F 


N 

; 

þ 

i 

| 

; 
1 

j : 


W hich equations, cleared of fraftions, * 
125 2x =» + t +0 

J Y + 2 ＋ u, 

4 = x + 7 * 10 | 


u 2 X —4. 


. if * 1 e ee the firſt, 7 to the cd . 


= to the third, we ſhall. get ( ty +2 + u) = = 3 


= 523 and from chence == =, andy — 3*, ; ; which : 


* | 

Yalues being ſubſtituted i in ks firſt equation, we have 

> 2x = 37 + 3 + tz or 1 = _ —_ Oy by the. 4 | 
+ -; 


equation, 1 2 * — 4; ; ns XxX — Q = 2 — 


20a 


| * = erg = 40; conſequently »(E) = 30, 2 0 2 


7 
— . ax us (x — 14) = — 265 and the whole ſum 
(x 1 T2 + ) = 120. . 


PROBLEM XXXIV. 


To Py fur numbers, 1 that the fir/t together with 5 % 
the ſecond may be 357 (a) the ſecond with + of the third 
equal to 476 (b), the third with æ of the fourth equal to 


595 (c), and the fourth with F t of the firſt equal to 714 (d.) 
The required numbers being denoted by x, „% K, and 


' 2, and the conditions of the queſtion expreſſed i in ho” 


braic terms, we have the four W N 3 


3 


. «+2 e 
Z 
"EE © 
* + © = d. 
From 


4 » 
% 


m - "The Arkricarios of Aion, a : 0 wo 


* % 


1 rom the. l whereof *. 5 « 


ben cs dh. x=54— Th whence __— $4 50 a 
andy = 24 — 104 + 102 ; bat, by the ſecond, y = þ 5 
75 therefore 20 — 10d + 10u = BTK ade = gs 


* 


— 6 wen be by the third, 2 . 


* 2 


S's 7; 4 


119 
=426, . 4 eee fe = 299. 


„ 


Otberiviſee. 


Ter ths firſt ob be were acudbersbs dnnicid\by „ 
2 above); then, the ſum of the firſt and E the ſecond, 


ing given equal to it. is manifeſt that 2 the ſecond 


muſt be equal to a minus the firſt, that is = S * and 


therefore the ſecond number = 24 — 24 moreover, the 


ſum of the ſecond, and 4 of the third, being-given= 63 
It is likewiſe evident, that 5 of the third muſt be equal to 
b minus the ſecond, . that is '=b 2a js 1 2%, and Conſe- 


« n 
y 


TRE third number itſelf = 3b — 6a + 6x: In the 


ame manner it will appear that 4 of the fourth number 
= © 36 + ba — 6x; and conſequently the fourth 


number itſelf, = 40 126 + _— THe whence, by the 
queſtion, 46 — 15 + 24a— 24x +- 9 =>, and prima 


a» 4 


== 1993 as 3 a 


— 54 + 20c — bob + 1209 — 


, , 
PROBLEM XXXV. _ _ 
To dividz the number 90 (a) into four ſuch parts, that, 
F the firſt be increaſed by 5 (ö), tbe fecond decreaſed by 


4(c 5 * W multiphed of 3 (4), and tb; fourth di- 
vide 


to e of brcsnzus, 1 


e 
-2* 


TTY 


whence 3 — 6 4 00 30. = = Fate and 125— I 


244 '+ 120% — 120 = FORDS conſequently * = | 
126 — 244 + EC Fon 0a 6763 whence x(n 1 
4-3 


- 


PREY — . —ů m — nU— — 
a — — — —— — — 


+ + — 2 — 
ug 5 Hens <4 OO FINS TS o 


Wy a7 44.4 Sw 
44; oh. ot Von Aung 


Ca. > Mets HAI ACN edt aac 9 ar rt 


0 be Alerizekrzon 14 ts GE 


Let x; y, z and u, be the parts required ; thi 
gagſlin, we ſhall have theſe equations, VIZ, 
| 1 +y+2+vU2= a, and 


x +6 =y—c=dz=— . 
e 


Wyenee, by comparing az. with each of the three 0 


other equal values, ſucceſſively, x = dz — bz y da 
+ c and u = dez; all which, being. ſubBitured, for 


their equals, in the ficſt equation, we thence get dz —- 8 


b+ d +c +2 A de = 4 whence dea ＋ 2d + z 


— DES d 13 441— = 3 
41 5 —6, an i 7 a 


fore x ( dab) S 163 ers and 


Sh) =, 


ED PROBLEM XXXVI. 
IIA and B together, can perform a piece of work in 


8 (a) days; A and C together in g (b) days, and B and | 


C in 10 (c) days; how many days will it take * perſon, 


alone. to perform the ſame work ? 


Loet the three numbers ſought be avs by Py 4 
y and 2, reſpeRively't' then ir will o—_ as x (days): 


(days): : 1 „ the whole work, to 8 * the part thereof , 


| performed by A in a days; and, as y:a:: "2 * a 
F 

N 45 B, in the ſame time; whence, by the 5 

5 queſtion, — m + — = (che whole work). And, by 


7 
proceeding in the very ſame manner, we ſhall have 
theſe two "_ equations, | viz, 5 + 2 = I, and 

” 3 
a = + _= 1: let the firſt of theſe cs equations be. 
y 4 
divided by a, the ſecond by b and the third by e, and 
you will then haue | 1 


vided by 23 (5 the reſult in ans cafe, Pall auch 15 8 5 ö 5 
Jane . | | s 


* 
Ys, 
a 
| 14 5 
\ ys 
p * * 
— ne 


V's 


Ie 
. eat A TEC 


X 


5 a : 
E , ? 5 [ A 


1 


2 
4 
I 
A 
4 
oh. 


3 


„„ F954 REP Pry * os, = 


of the three OE equations 
i 


- 


— —Fé — © $ 
„ 


* 
＋ 
* 
; 
by”; 
* 


. 
1 
5 

* : 


« 
* 
1 
* 
* 
-_ 
* 
* 
8 
* 
* 
* 
* FR 


; 
11. II. 


4 


* 


— 
5 - _"q__- — — bc f - 4 ö p 
% 00 RS e Lo he a Cn 
5 *y #3 3 81. lp F WE „ 8 M48 Ee... 
A =. 
; + x 0 b 5 * Z PRES > a WF, 2 x ” : | pd Tos +F 
FREE CES en 4796 1, -., 
J = — 25 2 . ps 1 
Nr as + 72. pr ng 232 


« A 
; Fd ; 7 
p 5 * 5 


— 


et the work er, 67 A one day be ds 
noted by x ; then his work in 4 15 will be ax andin 
6 days it will be br; therefore the work of B in a days _ 
will be 1 —ax; and that of ©; in 5 days, 1 — bs, fy — 
the conditions of the problem; whence it follows i 
that the work of B. in one 5 will be expreſſed by 2 


i-=bx but ä 


OY £4 ; * 8 


2 
& 


i 

- 
pag 
82 


— — 
— . 


. and that of C, in one d b t "3M 


| ; | : 8 * — s 1 5 x 6 Is K ; 5 2 ; 2 3 
— 4 a 5 — by 4 ; « F 2 4 1 4 £ 75 5 Þ } : & — p : yy : - 5 i 9 a 5 * ; x 7 1 
2 f 7 , - 7 — 0 1 : 8 3 25 wp T Fs F „ : j ; . 71 5 
* 4 * * "Kea N * x 3 
7 : 5 4 of 25 a | FI * Eo 3 
? 4 y R #& 4 * * * * £ „ "4 1 F 2 2 70 _ 
; 4 > p 4 


* 
- 
9 + 


part of the whole work, that i is, 1 3 Sa 2x = 2 WR 


4 4 — \ : ' k - 4 8 . 4 > bes 4 wand 7 
: - : 7 ; L 
F R ; Ht 


* - * % F 
. 12 
— \ «Fo 
* 4 8 : i 5 5 
L * — 
by 5 * 4 ” Vr 
- - 4 
: N 4 44 
* 
» N 
—_ x - ' A 
\ 4 . 5 . 
* A 
* I - * 
8 
> * * 
— > —_— 2 I 
- : f _ £ 4 
— Pa « * 
» & 7 1 _ 4 
* - 4 4 . A - 1 * 
Cc + » 5” 
8 7 &, 
* 9 * - p 
: 4 2 
* * 5 % W 4 5 » ro * 4 
- o 2 I N X — 2 Oe 
F 4 * 6 * — 
* 2 


U by St F — # 
; x 8 k F * 
„ * 


4 2 - * 7 
- a 1 * . & ) < * . ry 
4 - - — * 2 wt 7 

* . * * F — — * 12 « < 5 5 

1 on * 4 > Y — 1 7 * $ 

£4 2 4 * td « 5 : ** 
5 Þ 8 > 1 2 — „ 
K 2 Ax 


"of 


- 


* ' 


— 


2 and 4 timet the third, hell be ay to a third Liven 5 Be 07. 


| whence. x = 8 . = & ES + += = „ equal: 
dtchche Work 25 by A 1 Fy one d by which divide © 


4 De 21 N 1 oP 5 
r (the whole) and the qudtient, = — 2 —5 vin eine 1 8 5 


the - oye number of days in whie be can finiſh the | 1 


K EE = 


PROBLEM XXXVII. 1 8 inf 7 5 


> 


To 4K FR rininbers, on theſe conditions, het a times 
N b times the ſecond, and c times the third, Mall „„ 

egual to a given number p; that d times the firft, e times 8 Wo 3 $0 : 
5 ſetond, und f times the third, ſhall be eguul to another 95 oY by 
given number q; and. that g times the firſt, h Tinks the 


3 | 
rr.” % - , N We _ 5. 


Loy the three rogue numbers be Ienoted by, * „ 1 
n rom 4 909 ie" FFT: of which 1 a times the: 1 
bed, and from W 0 80 the firſt ſubtract -@ times OY 7 
third, and you will have theſe two new equations, 1 is 
"ITY Buy — 4 + cas; — aft = dp "aq, 5 i MM” 
bgy — aby + I "EP 
or, which are the ſame, _ -. HS 
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ome inſtances. thereof in ſuch as riſe to 
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5 3 of the unknawn.quantity is concerned, as xx.= abs 
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| in the equation = ab, the value of x is given = y/ ab 2 


| | ea if two quantities by equal, their ſquare roots mu 
gps = The. method. of ſolution when - 
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wo. any ee dimenſions of the unkgown. quanthy, TS 
whereof the index of the one is juſt double to that fg 
the other, are | ſolved like quadratics, dy completing - ©" el 
the ſquare: thus, the equation x* + 2ax* = b, by com- ä 
pleting the ſquare will become * 2% A = +: rr 
b + 4; whence, I: extracting the root on bath „ 
1 + WT + 4* ; therefore —— 2 e EINE: 23 
and conſequently * — BH p94 + a? — 4 ; D As oy * 5 5 A 2 
Theſe things being premiſed, we now v proceed o on in 23 SR 
the winnen W . e „ 


'F 


* 


+ find that number;. to which 20 being RSS and i" Sy 5 
aꝛbhich 10 being ſubtracted, the ſquare of the . jo 35 
muike the ſauare of the remainder, Hall be 17475. . 
Let the. RUDE . be denoted 1 5 *3 16. „ 


„ PROBLEM: XVI m 


N 


— 


APPLICATION. 


2 3 * - & » 
* o 


5 22 b 77 4 200 147819 
= = 878. Hence x* E me ook 


9 = 75. . RN Es 
„ BROS INE. 
Do divide 100 into two ſuch 
. _ Hylied together the produc i 
Loet the exceſs of the greate part above (50) half th 
number given, be denoted by „; then 50 ＋ * wilt de 
de greater part, and 50 — x the leſſer; therefore, * 
I5hße queſtion, 50 50 ＋ * X 50 — K, or 2500 — x* = 21003 
whence & ts and confequently v 2 2603 


$302 the leſs. I lf ld no wp up 


Ps iu PROBLEM Kü. 8 
bat two numbers ad; + which are to one another in 
: "= 9 ratio 07 30 0 5 1 ; rot: af e added to- 
. en mute 1660 , % ' © N 
Ae? et the leſſer of the two requ a numbers be OT 
CR chen, 4: „„ x: ® = the grate; ther 


* 


. queſtion, * * pe 2 63 whence Ar- +. Pa Sh, 


* i 1 . 


2 — 
* . 1 "1M 


— — 


— 0 * 
3 frat, —— es IA 


oy * 


: nen LEM XIML + 
20 find two numbers, whoſe ference is 8, and Prad? 
If the lefler number be denated by x, the greater will 

, -bx+$ ty th COPE, v5 hall berg.” + $8 

1 1 . 8 ; y REN = 240. 


os therefore 50 + = 70 = the greater: pants ahi 50 — 2 


81 


{ 1 — 6 * 
7 8 « > ay i l 0 j N 
a » K £ bo 4 4% * * $ 


2 . * 2 
. 
/ 
— * 
\ ; 
— — 1 
- 
E 
% * * 
6 v 
* * 
* 4 
* 4 * 
8 * 
= 
= — — % 5 
i 4 » 
1 s 7 — 
F * 
* * * - * 
Cw * 0 


V256 =: 162: whence x = 1 
+8; = 20 Whie are the two nu 


4 * 5 
© =", 
* 4 * 
: v1 43%, * 
* "ES 
4 . 2 
* a ; 
* —_— 1 7 
7' * H \ 
3 2 
8 „ 
74 " * 
1 
; . "I _ E * 
5 E / 
2 1424 5: 8 
[+4 Ee FIN 
| b 1 * 7 * W ot 8 W 
2 * 1 * * 7 Fe _ 
" * 
. * * n 
5725 5 s ' 4%. 
F hy 7 * * " 
2. 2 ? l Ti * 4 ) 
8 — ; ; 1 : 
the root on both; - we. ha T | 1 
— 5 5 I 1 . as SY 
: \ „5 
A z therefore * = 20, and x *F 12 =D are & 4 
5 298 9 * - oo 


numbers reviſe. CT 


5 ** )) (© 1 Y T2 OY 
8 7 Y : * 8 28 . 1 D KY N 
- 4 . . * 9 x $5 G * 6 & 3 * Se R 8 
R i 7 E RO IPA SR 
as... 3 bt & . * 78 
Foes . be APPL CA) 20 Peel r 
L — , < 3 wht. #3 13 ">, rt 1 vr 
E , 4 N 1998 g 7 1 
. , — © , " „ RF 
» 7 . G , « 2 8 N 
— , Fs „ »% > : 5 8 73 N 5 * 175 — 
: et r part Le My RN 
7 „ 


| . Poe 8 ace” 5 fr”. Talk Es 
TEE” Ee; "or by complerng the uns 2h gee | | 5 
| += = (—ef = 2 of which the roat being 


R % 1 7 * 1 4 
— there comes N Ef 

1 * 7 We, 

he LEE 


therefore x 4 = 


Þ V. B *y by the nature of.. - £ 
. the pew being leſs bh the upper fign ( +) gives = 1 8 


; 3 x 100 greats. ſo. that + =E— ne = age Is 


E mult be the true yalue required, 5 oy, ww 5 


"4% 4 


B eon ILY; + ny 


The fam, and the | of the Jquares, of two me, ; 
| 1 being given; to find the numbers. | . 
[ + 6 Lethalf the fon of the two numbers be Jabal by a > 7 og 
Ws half the ſum of their ſquares by 5, and half the Wenne N 
3 of the numbers by æ; then will the numbers themſelves. 
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þ EFORE' we NOR explain the methods of re- 
4 ſolving cubic, biquadratic, and other higher equa- 
"tions, it will be requiſite, in order to render that ſubject 
more clear and intelligible, to premiſe ſomething con- 
cerning the origin and compoſition of equations. 
Mr. Harriet has ſhe wn how equations are derived by) — 
the continued multiplication of binpmial factors into each g „ 
other: according to which method, ſuppoſingæ — " 3 = 
x -, „ -e, x — d, &c. to denote any number of ſuch 3 
factors, the value of x is to be fo taken that ſome one of 
thoſe factors may be equal to nothing: then, if they be 
| multiplied continually together, their product muſt alſo 
| be equal to nothing, that is, * — @ * 1 — 5 XK 1 —=cX 1 
- A&c. o: in which equation x may, it is plain, be . 
equal to any one of the quantities a, ö, c,'4, &c. ſince ag © 
one of theſe being ſubſtituted inſtead of x, the whole ex- _ 
preflion vaniſhes. Hence it appears, ' that an” equation 


may have as many roots as it has dimenſions, or as are 
expreſſed by the number of the factors, whereof it is ſup- Wu 
| poſed to be produced. Thus the quadratic equation | 
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ways equal to the ſum of all the roots, with contrary 
ſigns; that the coefficient of the third term is always 
- equal to the ſum of their rectangles, or of all the pro- | 
5 ducts. that can poſſibly ariſe by combining them, — 4 WR. 
and two; that the ebeffeient of the fourth is equ | 
- - the ſumoof all their _ or of all the products Wien 
can poffibly ariſe, by combining them 528. and three; 
and that the laſt term of all, is produced by multiply- 
ing all the roots continually y roger And all "this, 
it is evident, muſt hold equally, when ſome of the 
roots are poſitive and the reſt - negative, due — 
being had to the ſigns. Thus, in the cubic equation... 
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third, ab—ac—bc, or ab+a x —c+bx — c, conform 
able to the preceding. obſervations. Hence it follows, 
that, if one of the roots of an equation be given, the m 1 
of all the reſt will likewiſe be given; and that, in ev 8 be 
. equation where the ſecond term is wanting, the ſum of all 
bo ©: the negative roots is exactly equal to that of all the 405 | 
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I 4, + 6b, and — c, are now become — 4, — b, and c. 
Moreover the negative roots may be changed to = 
ones, or the poſitive to negative, by inereaſing dr di 
miniſhing each, by ſome known quantity. Thus in the: 
quadratic-equation x* ＋ 8x ＋ 15 = 0, where the two, 
roots are — 3 and 5 (and therefore both negative) = 
if x — 7 be ſubſtituted for. æ, or which is the Goa, if. 1 
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Lach of che. roots be increaſed by, 7, the equation will e 
become 2 — 7 * +8 — $—=7 + ＋ 15 So; that is, z* — = | | —— 1 


EVE of z—2X A= oO; where the roots 7 
are à and 4, and therefore both poſitive. This method l 
of augmenting, or diminiſhing the roots of an ri gt „ 
is ſometimes of uſe in preparing it for a e 3 
taking away its ſecond term; which is always perfo | = 
ed by adding, or ſubtracting 1, 3 or 4 part, &c, of the 
- coefficient 8 of the ſaid term, according as the propoſed. . _ 
equation ' riſes to two, three, or four, c. dime — . 
Thus, in the quadratic equation x* — 8x + 15 o, let 1 
the 5 be diminiſhed by 4, chat is, let x — 4 be put 
D x, or x 24 + z; then, this value being ſubſtituted _ —— 
tor æ, the equation will become z + A —82ZF 5+, . 
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completing the ſquare z but this, by the bye. I no- 


proceed to the matter propoſed, vis. the Reſolution of 
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Find al ho diviſors bf the laſt rs, and let RY 
ſubſtituted, one by one, for x, in the given. equation; 
and then, if the poſitive and no terms deſtroy each 
other, the der 8 fo. ſubſtituted is manifeſtly a root of 
the equation; but if none of the diviſors ſucceed, then 
the roots, for the general part, are either irrational er im- 
poſlible : for che laſt term, as is ſhewn above,” being/al-+ 
ways a multiple of all the roots, thoſe roots, whey ration- 


al, muſt, neceſſarily, be in the number of its . | 
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It ſometimes happens that the diviſors of the I 
term are very numerous; in which caſe, to avoid trou- 
ble, it will be convenient to transform the equation to 
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— . «a .* 4 J * . F A 5 „ * 
# * 5 8 
f * ' 
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- 8+124 8—12= 0, therefore— 24 ĩs af 


27 +27 +12—12= o, therefore — 3 is the thirdroot. 


Iſtead of the unknown quantity ſubſtitute, ſucceſ 
three, or more adjacent terms of the e fy 
ſion 2, 1, 0, — 1, — 2; and, having collected al 


reſulting, together with all their diviſors, be Placed * 


ine, right againſt the correſponding terms 4 the progreſſion 
25 1, 0, — I — 23 then ſeek among the atviſe 


metical progreſſion, whoſe terms correſpond with, or fl and 


according to the order of the terms 2, 1, o, — 1, — 24 | 


of the. firſt progreſſion, and whoſe common difference is 


x 


zither an unit, or ſome diviſor of the coefficient of the 


higheſt power of the unknawn- quantity (x) in the. given 


 #quation, 25 any ſuch pregreſſion can be diſcovered, let 


that term of-it which lands againſt the term 0, in the fir/ 
progreſſion, be divided by the common difference, and let the 


guctient, with the fign + or — prefixed, according as the 
progreſſion is increaſing or decreaſing, be tried (as above) 


_ by ſubſtituting it for x in the propoſed equation. © 
Thus, let the propoſed equation be & — x*.—10 x 
+ 6 = o; then, by ſubſtituting ſucceſſively the terms 
of the progreſſion 2, I, o, — 1, inſtead of æ&, there will 
ariſe — 10, — 4, 6, and 14> reſpeQiively ; which, toge- 
ther with their diviſors, being placed right-againſt the 
correſponding terms of the progreſſion 2, 1, o, — I, the 
„ / ĩ v 
2 — 10 r 


2 . 
> $- 07] J* 


J 


Now, ſince the coefficient of the higheſt power (*) 


viſors, a collateral progreſſion whoſe common difference 


= 


27 +27-—-12—12= 30, therefore 3a is not &root ; ; 


The reaſon of theſe operations is too obvious to ned a 
further explanation. I ſhall here ſubjoin a different way, 
whereby the ſame concluſions may be derived, from Sir 
IJſaac Newion's Method of Diviſots; which is thus 
* pH 
* 
rms 'of the equation into one ſum, let the quantities, thus 


viſors an aritb- 


5 


is, here, only diviſible by an unit, I ſeek, —_ the di- 1 
1 


„ 


a 


manner, have ben rere 
8 0 * 4 UN . o 185 
4 * Nes LO . 8 ay Ss | 
—— — 5 2 12 is — — 4 1 < o BY 18 2 * t wt . — 105 7 : "_ x | 
C's T Wat ' 


 Inereaſing arithmetical progreſſion, L, 3, 55 7, 9 3 whoſe. _ 
third term, 5, ſtandin 1 a7 the term © ig the firſt. + 


R 8 9 ö wo © Bis 8 WET FP 
ONT £ 1 N 5 * 9 63 av — n - 5525 "IX pf 
Me SOR. ) F F * ** 5 I 

5 2 8 — Ms 2% EE. F. nog PEE: 

Ss ” X as i 7 7 

a „ pay! e 2 vb 4 1 Py wi 25 

a 4 be | . N : 

— I” — 1 * : 2 

< Ws Mew * ge -- 

F 5 7 7 + 1 * * * e 
= 4 * 1 9 

Oy : , 

- „ & 
— n 4 4 * 
_—_— 
o , #8 _ 
bl 4 ws 4 K, 2 
E LO y . I «= 
> The. N ; 
2 4 * 


Jad unit 3 5 Lotte o eh 
| the firſt 2 4 therefy e 0 7 8 nge by 
- 3d then fübſtitute ent, 


e e 05 
 therdfore — = 7 is, marufeſtly 


ceeds, the poliive and eee ae e "ms each 5 ; 


| — 1/160 
2 g0[I.2.3-5. 6..9. 10. 15 Kc. 


that they all ſucceed. 5 ED 4 


caſes; ; but, i in order to try whether any quantity thus 


* 


: n by "oi 


18488 


Y > T3. 


3 23 whoſe third term . 4 oh 


yy 8 0 


5* ＋ 4x = e all, k 22 ee 


4 73 
4 ere 99 7 — a, 29990; LE: 3. 


wo. 5 6 
222 3 A a 21 2 \ Br 10 Int N 155 5* Ar 
4 Kt — 1 82 2111 I 3 MH —— 7. * 218 ot, #4 E . I 2 
2 ; # — Go 
gan | TT $411 157 2 7 a&4 62 29 &c; 9: BI 00 


5 ae diſcover, among: the diviſors, the 


refſion, being dividg LY, 27 the common difference, 


re 
172 the 'quotient (2) ſubſtituted for x, the buſineſs ſuc- 


other. 8 
1 if the equation 2 hr =9x+ 1B | 
= o were propoſed, the work will ſtand as fellows: 


270. 2.57 78 1 44 1 25 
1144 Es . 12 br. [23/4 
3 
'2 
I 


e 
Sof. 2. 3. 4. 488 2 Io &c. 34 
1. 2. 4.5 Y. 10. 16. 20 &c. 45 
$(6]r] 24; 
| Here arg diſeovered no leſs than four progrefions, 7. 
who ek differ by unity; whereof the terms corre- 5 
ſponding to the term o, in the firſt: progreſſion, are 33 4» *: "7 
3, and 5: therefore the two former-progteſſions being 
aſcending ones, and the two latter de 25 a 'L try he. -þ = 
quantities + 3, + 46 — 3˙— — - 5; one by one, and find . 


And after the fame manner we may proceed | in other 


found is a true root, we may, inſtead of ſubſtituting 8 
* * diy de the whole * Tr that quantity 0 | 
* ea. 


= 
# 
_ 
- 
: 1 
* 
\ % 
: 4 / ; 
- 2 — 
— 
* ; 8 * 
"I 1 i N 
a 4 
0 1 2 
1 
5 : — —— —— — —— — a —— * * welt n 2 a REL 


tity thence ariſing, and rad 85 
* 44 — 17x — 605 * 
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nected to x a contrary ſign; for, if the diviſon 3 
terminates pM a remainder, 'th 1e Bid d uantity 6 
manifeſtiy F EE 7 

Thus, in the laſt rp where the e uation. is 
of 4.8% — age" 7 I 80 =. o, the numbers | | — 


and join it to x, and then vide the whole equation, 4 
+x3— 295% —gx + 1 =0) by x — 4, the quan- 

1 Therek to come ut 
ee + 3 is ange 


of the roots. 

Again, in order to try + 4, as ſec — 5 
divide the quo tient, thus found; by x — 4, and there 8 
| Comes: out a. +; Io + os therefore + 4 is another 
iding the laſt quotient by 
e being 


\ C 


8 
js Nr Lai 


— 7 Tr 


kd * 


e | e 


. ie al ban. —— —— 


oo. e 
75 | —box+ 180 
n . en“! wn 


RY Ry 7 


: — 7 1-60 6 = 1 5 


IL | 155 e 
— 2x 

| 7175 e 

+15x—bo 8} _, 


p : | . ; * 
- . * . : 


9g f Ce An 
= 


1 . Fe | f i 5 ; , py i NO 3 Tt 155 5 + S713 F T \ 

e ee 5 beck d ch he, 25 
- r gut 16% — 24=0 ; then expoun W 

NE 7 # by 2, 1d, and — 1, hem 7 8 „ 


| in the foregoing examples) we we ſaue ieee „ 
0 4 ＋ %% 3. PILE ok In 4 + 7 
22 ; — 9 13 2 9 F130 4.44? 21177 a : 4 L 
* RENE 1 0% 5 5 
n 3 4 6.4 ble. 8 

* 45 13 185 9: 5. 1 bf 51 3 

e . „ e ties to ö be tried . 4 SE, : 
I firſt attempt the 1 1 * — 43 whict —_ 


2 of (its double) e 
cœec e e ring x * + By 6 5 e . 2 
The roaſt hy the diviſors, tüus found, Jo. not. 18 e 
ways ſucceed, is, becauſe the firſt progreſſion 2, 1, 0, \ + 
2 1 is not continued far enough, to know whether the 8 1 
| Correſponding” progreflion may hot break „ I. 
ertain number of terms; which it never can do TR: — = 49 
the buſineſs ſucceeds. Thus, i in the laſt example, where 1 
We had two different” progreſſions reſulting, had the — 
operation, or leties, 25 1, 0, — 1, been continued „ 
two terms farther, you would have found the firſt k - 
thoſe progreſſions to fail; whereas, on the | contrary,  ' —- 
the laſt (by which che buſineſs ſucceeds) , will hold, ff 
carry on the prog reſſion, 2, 10 — 1 as far as you wil 5 i 
The grounds of which, as well as of the whole metho l 
upon which the foregoing obſervations are founded, may 
be explained in the following manner.. 

Let there be aſſumed any equation, as ax* 1 „ | 
cx? + dx + e = ©, wherein a, 6, c, a, and , repreſent _ "oj 
any whole numbers, poſitive or negati ive, and let pr 141 
ole n binomial diviſor by which, the laid ee 


- 
\ 
% 


4 


* 4 £4 


* 


. 
» 
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ax* + bx" +cx* de r is diviſible; and let the quo- 


tient thence ng oe repreſented by v A tx + v, 


or, which is the ſame im effect, let ax* + bx* + c + 


dr +e p +q x nf + n Tir + v. This being 


. uppoſe x to be now, ſucceſſively, expounded 


y the terms of the ari progreſſion 2, 1, o, — 1, 
— 2 (as above) ; and then the correſponding values of 


dodur diviſor px + g, wilh it is manifeſt, be expounded 


fively ; which alſo conſtitute an arithmetical progreſſion, 
whoſe common difference is p; which common differ- 
ENCE 
the fi 


oy 29. +41 P +. 977. p. 9, and — 25 ＋ 9 reſpec- 


term, otherwiſe the diviſion could not ſucceed, 


dat is; p could not be had in a, without a remainder. 


Hence it appears that the binomial diviſor, by which 


Wed muft be ſome diviſor of the coefficient (a) of 
F. 


nn expreſſion of ſeveral dimenſions is diviſible, muſt al- 
| ways vary as x varies, fo as to be, ſucceſſively, expreſſed 


by the terms of an arithmetical progreſſion, whoſe com- 


mon difference is ſome diviſor of the firſt, or higheſt. 


term of that expreſſion. 


It alſo appears, that the ſaid common difference is 
always the coefficient of the firſt term of the general di- 


viſor ; and that the term (9) of the progreſſion, which 
ariſes by taking x =. ©, is the ſecond term. Therefore, 
whenever, by proceeding according to the method above 


preſcribed, a progreſſion is found, anſwering to the con- 


ditions here fpecified, the terms of that progreſſion are to 
be colllidered only as ſo many ſucceflive values of ſome 
general diviſor, as px + 4. Whence the reaſon of the 
whole proceſs is manifeſt, 5 
After the ſame manner we may proceed to the in- 
vention of trinomial diviſors, or diviſors of two dimen- 
ſions: for, let mx* + px + 9, be any quantity of this 


| Kind, wherein m, p, and 9 repreſent whole numbers, 


ion 3, 2, 1, O, — I, — 2, — 3, be wrote therein, one 


— 


poſitive or negative, and let the terms of the progreſ- 


by one, inſtead of x; whence it will become qm + 3þ 

+6 4m+2þ ＋ 9, n 1 5p +64 m—P ＋ 7, 4m 

2p + $, and Qm— I 

be ſome diviſor of the coefficient of the firſt term of the 
8 N p dien 


— 


+ 9, reſpectively ; where m muſt. 


| „Th the ions 620 *. che firſt — the Ts 


Arier dm always he ſome numeral diviſor of the c- 
efficient of the f . propoſed expreſſion. 
2, That the product of that cbefficient by the Lquare | 
of each ol the: terms. of the aſſumed progreſſion, 3, 2, 1, 

Og9—.I, — 2, 3, being ſubtracted from the corre 


. ſponding value af the. general diviſor, - the remainders 


(30 + 62) +) f %- 920+ . 

+9) will 15 RF: of e in arithmeti 

lion, whoſe common di erence is. the corfiicient o | the. 

ſecond 3 of 8 6 # a getting r 

5 And that the term () © 

alle be __ o, will always be the wird, or laſt 
term of tlie er From whence we have the 

following rule. Inſtead of x in the quantity propos d, 
| ſubſtitute ſucceſſively, , fur or more a. per terms f the - 

progreſſion. 3, 2, 1, — 2, — 33 and from ad 


* 


L e e 8 


ſubtract the ſquares of the correſponding terms 0 
greſſion multiplied by ſome numeral diviſor fo * 
term of the 8 propoſed, and ſet down.the remainders 

7 


right againſt the correſponding terms of the progreſſion 2 


2, I, o, — 1, — 2, — 33 and e out 4 colla- 


teral progreſſion which runs through theſe remainders 3 
which being found, let a trinomial be aſſumed, whereof the 


coefficient of the firſt term is the foreſgid numeral Wivijor 3 
that of the ſecond lem, the common difference of this cal» = 
lateral progreſſion ;_ and where = the third term ts equal to 


that term of the « ſaid progreſſion which ariſes: by taking 


"x. =0; and the expreſſion o aſſumed will be the diviſor to 

. be tried. But it is to 2 erved- that the ſecond term 

muſt have a negative or p e ſign, according as the pro- 

* it an increaſing or. 4 de- 


 greſſion, found among * 


| xreakng one. 


Thus, let the quantity propoſed be —— — + = 
12x— 6; and then, by ſubſtituting 3, 2, 1, 0, — 1, 


25, ſucceſſvely, inſtead of x, the numbers reſulting 


| will be 39, 6, T, — . — 21, and 26 reſpectively; 


N e with all their diviſrs both poſitive and 
| ; | | n 


4 7 
Gs 


* 
6235 
8 
4 


575 ® Y 
a 142 


 neghtive, L place cight-agaialt, pics ſpondiz 
of the progretion S 5 I, 8 "Ws >. in the 


- I 
Fl . 4 ; X * 7 % f 
4 a + , * 1 * A 
1 * 5 — 0 4. 4 + 4 5 5 * 
a 4 45 5. -% > 5 2 1 * 2 
: ah 
* * ; * 


\ 


x 2 „ 
ö E 52 4 8 1 1 2 
N . : 6 3 1 — bf G 
#2 I» $ 7 


2121. 7.3.1.1. 3.— 7, —20 
25 — 2126. 13 . 1 3. 4 3 2 26 


Then, from each of theſe diviſors I ſubtract the Iquare | | 


of the correſponding term of the firſt, progreſſion multi- 


plied by unity (as being the only numeral diviſor of the 


firſt term), and the work ſtands thus 
3130. 4.—6.—8.—10.—12.—22.— 48 +4 —6 


2 2.— N ow Ov: 7,—10] +2|—3 


1 0.—2. — — — 4＋40 40 


1120. 6. . 0. 2 4.—8 —22 
2122. 9.—2.—3.— 5.— 6.—17.—30 


teral progreſſions, Viz. 4, 2, 0, — 2, == 4, — ©, and 


— 


—6, — 3, 0, 1 3, ＋ 6, +9; therefore the quantity 


to be tried i is either x* + 2x — 2, or «* * +3: by 
botk of which the buſineſs ſucceeds. - | 


This invention of trinomia! diviſors 5s. ſometimes of 


uk in finding out'the roots of an equation when they 


are irrational, or imaginary, Thus, let the equation 


2 Wome 2-4 26 —4x 41 go; and ſet æ be 


eceſſively expounded by the terms of the progreſſion 


37 2; 1, ©, and the numbers reſulting will be 7, — 3, 
— 1 and 1; which, together with their diviſors, being 
ordered according to the preceding directions, the mn” | 


ration will ſtand as follows: 

3 7. 1.,—I.—7 |—2 8 10-16" —2]—8 
243 1 —1 —3 — 5— 7 —1—5 

Tn * O.—2 *# K O[—2. 

id . er + 1* 


Here we have two progreſſions, — 2, —-1, o, 1; and 


—8,— 5, — 2,1; therefore the quantity to be tried 
is either . — * + Tx or * = 3x + I; 11 take the 
5 ” 


— 


. f 5 ' 
. £ * 4 "+ | $ * - 4 | 
* * : 
4 * 2 5 


by.” 5 o 65 S TOC PEE INEY 1. 6 5 


Here I diſcover, among the remainders, two cola. x 


o - * x 
j — a 
— e - 3 
— : * 9 
— ® 8 %>.. 
_ "ee 's 1 * "+ * * ot » 6 - - 4 z wk? WT = >, 
— 7 3 3 
* : 2 . 


eig Feast ge * 
reby, 2t to ſuce quotient comin ut 
e Trete . 3 
22 + 1 being uhiverfally equal to * + IK 
A=3z FH let “ — + 1 be taken = = 0, and alſo 
* — 3x + I; O; from the former of which equations 
we . I; and from the latter x =/3 =. 


VE 2 Therefore the four roots of the > given equation - 


wt SLE VER L49T ly VF 
whereof the two laſt are ir and che two firſft 
imaginary. And in the fame mannet, , the rodts of a li- 
teral equation, as 2* — 4 + 4 2 — 4.4% + a* o, 
where the terms are homogeneous, may be derived: for, 
let me roots be divided Yy a, that is, let x be put = 


i Ho Ga ax = F— 23 3 and then, this value being ſubſtituted for | 


the equation will become kx — 4 + $x* «ie A + 35 
2 0; from Which x will be uud as any WET - 
(= ax) is alſo known. ys | — Ki 
---Having treated large manner of manag 
ſuch equations as can be reſolved into rational r 


| whether binomials, or oy I come now to ex- 


plain the more general methods, by which the roots of 
equations, of feveral ö are FANG and 
hall begin with e ne 1 


19 * 


E Refolutidn 7 AY | Bquations according fo ; Cardin, : 


If the given equation has all its terms, che ſecond 
term muſt be taken away, as has been taught àt the bes | 


ginning of this ſection; and then the equation will be 


reduced to this form; ; Viz. x? + ax'= b; where a: and + 


repreſent given quantities. Put x = y +. 23 and then, 


this value being ſubſtituted for æ, our our equation becomes 


* + Y + 3yz* +2 +$4/X5+ z=hory) +2 


* yz *Xy N TAX YT b. . Aſſume, now, 3yz 


ore wh = 4x? +530 


3 


= —a; ſo ſhall the terms 3y% X y + zanda & +S 


deſtroy each other, and our equation will be reduced to 
* +23 b. From the ſquare of which, let four times 


the cube of the. equation 2 55 = — ia be ſubtradted, and 
| by | ne 
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3 be exhibited in a manner 8. more  cortumodious 1 
| practice, by ſubſtituting, for the ſecond n its equ 
— 42 : 33 ON Fro ERR . EOS 
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30). _And this being done, our Theorem ſtands thus, 


_ Example 7. Let the equation y + 3 +9y = 13 be 
propounded ; and, in order to deſtroy the ſecond term 


3 * * N* + g 1 1, + 6.x 205 | 
therefore, in this caſe, a being = = 6, and 5 = 20, we, 


3 6 s 1 2 a "ys 4 
' tes * 3 — 


* * f 4%; 3 4k 2 
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muſt likewiſe be a whole number; and the value; of 


hav mdantn 4 this: condition, will be found = 6; and 
conſequent 


of y. 


One bought 12 ber * 12 i, e were, 
tewo-penny ones, others penny ones, and the . ring x 


ones what number were there of each fort ” 


Put x = the number of the firſt ſort, ) = that of 


the ſecond, and z. = that of the third; and then, by 


the conditions of the ene we have theſe two be ang ; 


tions, via. 5 | 
a 5.42 = 13, ad hes . 
S&K T 4y + 2 2 48. 8 


Whereof the former being ſubtra ted 7 TRE the latter, | 


in order to exterminate z; we thence get 7x ky 35 =36, 


and therefore y = — 2 . K. — 12— 2 * t. Es whence 
33 
it is evident that the value of x = = 3. and conſequently I 


that y = 5, and z = 45 which are HE numbers that 
were Ra ICE 


that ef y ( 24 12 3) = 9; which: 
two will md to be the only numbers that can an- 
ſwer the conditions of the queftic on; becauſe 21, the co- 
efficient of 5 is hers router than 95 the e value 


4 
1 — — Wa * 
* 


, ihe 42 50 de, aſi j 48 
25, Mall lente d remafnder f 19 buts toing og by 
19, the remainder 24 135 and, being oF. 15, 
the remainder ſhall be 11. 5 


42 
— * + 3 2 A 


"Firſt, to find 11 5 leaſt hate nh 1 can an- 


8 N re 


N 


= ſwer the ewo: firſt eanditions, let the quotient: by 28, 1 


we firſb of che/given-diviſors, be denoted byx, or, which | 
— is the ſame, let the eee | 
195 then this number, when "IS: is fu 


being diviſible by 107 it lon man 


| equal.» 5. muſt be. an \ integers, from whence 


the. Jeſt vals! of: x wilt be foluid = 8* add con- 


— — - 


number that can, poſſibly, fatisfy the two firft condi- 


tions. This being Fond,” let the leaft number that is - 
Cnc divifible by both the fad diviſors 28 and x9, be 


now umed; "Which, becauſe 28 and 197 are Printe to 
each other, will be equal to 28 & 19, or 332 then, 


oy blem, muſt be ſome multiple of 532, increaſed 125 243. 
it is plain that the ſaid Ho may. be repreſented 'by 
33²³ + 2433 from which, if 1x be ſubtradted, and the 


remainder be divided by 157 the quotient ( HED. 27 


the queſtion, and ein 247 A whole number . 


15 
alſo; from whence the leaſt value of & will be found = 
14, and conſequently that of 832 + 243'= = 
| which is the number that was to be found. 
manner the leaſt number, poſſible, may be ay wo 1 
being ſueceſſively divided by four, or more e divi- 
N . leave Born, remainders.. Ne 
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=> 


quently, 28# + 19 = 243; "which is the leaſt Whole 


I  finice the number required, by the nature of the; pro- 


= 354 + 15 +: Ag Eh wits a whole number by | 


[ 


2k 


{ 


Suppen TY x + 2565 = 154703 pe e 
By tranſpoſition and diviſion we have 


98 "1561087x ,, = 60. | . TL: where be he · 


i 15 


— = 2960 


tion being the. fre with that in | Bui. I: to the pres. 
miſed /emma, the required value of x will be given from 
_ thence. 30; from thence that of -y will likewiſe. be 
known. But I ſhall in this place, ſhew the manner of 1 
deducing theſe values, independent of all previous con- 
ſiderations, by 4 method on — the demonſtration of © 


the lemma itſelf depends. 


In order to this, it is evident, as the quantity 8 e 15 
_-(uppoling # = 90 is diviſible by 256, that its doubls. 
be likewiſe diviſible by 256. But 
froin 1 this, the 
quantity in the preceding line be ſubtracted, the re- 
mainder, 82x + 26 will be likewiſe Eble by the 
fame number ; fince what ee number meaſures the 
whole, and one part of. another, muſt do the lite by the re- 


5 1 25 m 
25 x is, plainly, diviſible by 256; and, 


maining part: for which reaſon, if the quantity laſt 
found be ſubtracted from the firſt, the remainder 52 — 36 
will alfb be, diviſible by 256: and, if this new remain- 
der multiplied by 16, be ſubtracted from the precedin 

one (in order to farther diminiſh the coefficient of x); 
che difference 2x ＋ 506 muſt be, ſtill, diviſible by the 
ſame number. In like manner, the double of the laſt 
line, or remainder, being ſubtracted from the preceding 


one, we have x — 1036, a quantity, fill, diviſible by - 


256: but Le 20 + 29 therefore zo muſt 


be diviſible by 2 56 ; and conſequently x be either equal 
to 30, or to 30 increafed by ſome multiple of 256 z but 
30, being the leaſt value, is that required. . 
it may not be amiſs to add here another Example, to 
inuſtrate the way of proceeding by this laſt N 


aging let us s ſuppol the qty . to . 5 4. 


x | 5 ben 5 


„ e Mieter af . Ta i 
OS, PROBLEM 1 7 
5 value of x, 1 — the greateſt of y, in whole os cane = 


8 
\ 


- equal 32094 
” - meaſure to 


be now divided- by. 


| thoſe quantities, and. the remainder wilt! 
be found 1078; therefore x _+ 1078 is likewiſe dpi: 
üble by 1235; ; and conſequently the nfl ets © 4 
 (=1235= 1078) = = oh The manner whats Bhs 
_ according” to this metho may be- a little varied; it 3 
being to the ſame her the laſt remainder, or ES 


a mul ple of it, be lubteacted from the preceding ag one, 


or the preceding one, from ſome 2 8 multiple of th Pp. 
IM laſt. Thus, in the .cxample b us, the quantity ' 
- 248x— 1 d line, might. have been — 25 
pPülied b 475 and the preceding one 125 the 
| 5 &; which would have give n — 5b (a: in the 
ſixth line): by one ſtep leſs. —If | of pre | 
jng in theſe two examples be e err. the 1 5 
or fi ing the ſame values, accordi to the lemma, 8 5 
| grounds of this will appear obvious. FFF 
min- the value of i *. . 
| and 2 ny all of them be junger. Bnet TO at OS 
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file =3 +: 2 ty and therefore 199 and 


Jy 2b muſt be alſo diviſible 
whence it is evident, that one value of y is 26; and 


ene value of y; an 
Þ+ % ="$322 + 565 + eis a general value of x, an- 
Saua the two. fir ſt conditions. Let Hi LG 7 


be ſubſtituted i in the remaining expreſſion = _—_ 5 yn 


By mating 7 . — 5 ve haves = 191 18 wl 


value being fubſtituted in our 80 expreſſion, it it 
5 becomes 2 . which, 25 well as » is, to be 


j ; 19 1 


2M whole. . i vie 2b Z , by making 4 = 45 


: 39 FW 98 


* 


185 + 25 being both diviſible by 19, 9, their. difference .> 
y the ſamq number; 


that 2b T 192 (ſuppoſin z a whole number) will be a 
1 conſequently that x (= 28y 


by that means, becomes 532% + 564 : = = 35% 


40S: 


Et # (ippoſing 8 = Ew $omg= 1 


+ 3b + 


— . Here 15%. and 14% + 28 being both d G. 5 
viſible by 15, their difference z — 28 muſt. Mkewiße be | 


diviſible by the ſame number; and therefore one 0. 
of z will be 22, and the general value of 2 =,28 + 
1570 from whence the general value of x (=. $322 + 


560 +e) is given = 7980w + 10E48 + 560 Te; 


which, by reſtoring the values of 5; and 8, becomes 


7980w + 128256 — 117607 ro0b4g. 


Now, to have all the terms affirmative, and their co- 
efficients the leaſt poſſible, let w-be taken = .— e + 27 

+ g3 whence there reſults 4845e + 4200f + 6916g, - 
for a new value of x :- from which, by expounding e, f; 
and g, by their given values, and dividing the whole by 
7980, the leaſt value of x, which is the remainder: of 
the diviſion, will be noun. 


2 8 PRO, 5 


7 


9 1. 8 N I be 1 N 1 
4. 7; 81 +49 + 11 * 2243 it is re 
Cam; * and 25 i in whole m1 


75 s _ or cle indeterminate antitſes and 


only one equation, it will be proper, fi 
find the. limits of thoſe, e in the ? . 


5% 


25 
. ent caſe, becauſe * s= == _ 8 22 . 


4 


MA. * 


che leaſt values of 1 abit 2 cannot t 
- Teſs than unity, it is Plain that x cannot be. 


B+ — * e / 
2 Ko =, or 41 and, in the ace manner twill 
appes 11 har y cannot be greater chan 29, nor 2 greater 
than 195 which therefore are ha required limits in this 
bete. Moreover, ſince v it _ =445 

2 —y,12S — ro 2+: 2 = 2 whole Enke 1 is ; 
- manifeſt that 2. + — 2 2 muſt alſo be a whole 1 mums. 


$6 
4 N 8 4 6 } 
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ber: : let 2 4 1 ix therefore. conſidered; as a known i 
quantity, and Jet the ſame be R dy b, and then | 


| the laſt. expreſiion will become 2 . \from whic 


by proceeding as above, we ſhall get y = 25 * 22 
+ 23 whence the correſpondi value af x comes out 


4 


8 32. 1 7 * 77 i 7 N Os x 5 1 
Let 2 he now taken = 1, then will æ = = 37 and -3 
= 4; from the former of which values, let the coe 
cient, of y be, continually, ſubtracted, and to the laters 
et that of x be continually added, and we ſhall thence', 
Jn 37s, 30, 23, 16, 9, and 2, for che ſucceſſive values 
of x; and 4, 9, 14, 19, 24 and 29, for the carrcipond- 
ing values of * Which are all the poliible anſwers when 
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of x, in this caſe, and 1, 6 


7.58 Toi: © 


: The era of HON 


ee what 2, then x = tate „ 
former of theſe values be increaſed or 'decr _ 
2 the multiples 9 2 and che latter by thoſe of 5 
far as poſſible, till they become nega tive; 2 
bave 39, 32, 25, 18, 11, ago 4, for 6 3 ſucceſſive values 
+ 1 1s: 16, 21, and 26, for the 
- reſpeQive values of y + which are all the anſwers * 


8 ; Again, r 33 chen, by W 3 as” 
above, the N values of x, and y will be ans 


5 


. 


* - equal to 34, 27, 20, 135 63 and 3, 8, 13, 18, 23, re- 
| fo | — 1 Ab fo "the reſt : 2 A ee we have Oo. 
re. anſwers, being 60 in number, 12 8 we 
— — — — — — — 
9.14.19 24.2 37-30: 23: 73 9 2 
20. 11. 16. 21. 26.39. 32. 25 18 Joo k 
al3. 8. . 8. 23. . 27% 20. 13. 6. 
5. 10. 15. 20. 25. 29. 22.15. 14 
7512.17. 22. 31 . 24.17 10. + py 
ola . 9.14.19 26 .19..12. 5 *. N 5 
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ps Fg b. values 75 *, Y 4 4. in who le, poſitive 4 


= | at ? 1 


Te e to dere e e 


number, by the queſtion, 2: 2 muſt likewiſe "Hg a. | whole 5 : I 7 2 


then will y = 31 — ax, ands * — 93 wherein ex = 


8 17 I. 300 * 21z = — = 400; it W ind 5 5 e 755 9 


When the bbe icin of [the dfeterminach. quanti- 5 : | 
ties x, y; and x, are nearly equal, as in this equation, it - 
will be convenient 20 ſabſtitate for the ſum of thoſe 


quantities. Thus, let x +'y +'z. be pet = Mi hen 


by ſubtracting 17 times this laſt equation from the pre 
ceding one, we ſhall have 2y + 42/22 400 — 17 and 
by ſußtracling the given equation from 21 W che 


ſince and æ can „ _ 
have no values les than wg it is plain, from the rd 


of theſe two Squations, that 400 — 17 cannot be leſs 3 5 4 


406 —6 


than 6, and therefore m not greater than U 5 a 50 5 N ny 7 


1 


23: alſo, becauſe by the ſccond of the two. lat eqn. 


tions, 21m — 400 cannot be leſs than , ir is dhvious A 


that m cannot be leſs than £222, or 19: therefore. | < 115 

19 and 23 are the limits of u, in this caſe; . N Theſe „ _ 
ing determined, let 4x be tranſpoſed i in the laſt equation 
and the whole be divided 2 2, and we ſhall have 5 „ 
y = 10 — 200 — 2x + which being Ke whole - DIS 


number, and conſequently m an even number; which, 8 5 
as the limits of m are 19 and 23, can only be 20, or 2222 1 


let, therefore, m be firſt taken 20, then y will be- . . 5 


come = IO — 2x and z (m—x —y = 10+ x3 
wherein x being taben equal to 1, 2, 3, and 4, ſuc- 
ceſſively, we ſhall have y equal to 8, 6, 4, 2, and = 
equal to 11, 12, 13, 14, reſpeRtively, which are four. | Pr 
of the anſwers required Again, let m be taken = 22 "04 


* 


x be interpreted by 10, 11, 12, 1 5 I4, and 15, ſuc- 
celliretyy whence, , will * out 1 8 7 55 * and 1; — \ 


Fo 
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104 


and * . to I, 2, 3, * * And 6, Keen 
fore we have the ten 98 anſwets ; 3 N 


The Rrservrror e A: 


the queſtion admits of. 


A —e— |; 
x .>, 


z = 


8 41.24 11 „ 
131141. 21 41 


d XIII. 


There- 1 


are all 
1 4 by 4 
4:1.--9 4% 


ung ing 7x y + 232 = 99993 it is hpi 6 


tegers. 
In caſes like this, where tho anſwers are very many 
e lowing 


and the number of them only is MR 


method may be uſed. 
In the general equation ax + by + cz = þ ( where 4 
and b are ſuppoſed prime to each other) let z be aſſumed 
= ©; and find the greateſt value of x, and the leaſt of 
5, in the equation ax ＋ by = 4, thence ariſing; de- 


noting them by g and / : find, moreover, the leaſt poſi- 4 


determine the number of all, the anfevers, in ey in- 


tive value of » (in whole numbers) from the equation 
am + bn = c, together with the correſponding, value of 
m, whether poſitive or negative; then, ſuppoſing q to 
repreſent an integer, the general value of x. may be ex- , 
preſſed by g— bq — mz, and that of y by ＋ ag — nz ; 
as will appear by een in the general expreſſion 


ax + by + cz, which ther 


eby becomes ag — aby —_ 


amz + bl + abq — bnz + cx = A (as it ought to be), 
becauſe ag + b/ = 4, and all the-reſt of the terms 


deſtroy one another. 


And it may be obſerved farther, 


by the bye, and is evident from hence, that any two 
correſponding values of m and u, determined from the 
equation am + ba = c, will equally fulfil the conditions 
of the general equation; but the leaſt are to be uſed, 
as being the moſt commodious.— As to the limits of 2 
and 9, theſe are eaſily determined; the former from the 
original equation, and the latter from the general va- 
lue of od, 3 by which it appears that 9 cannot exceed 


— 


to be according as ths ſecond term; after ſubſtitu- 
| | tion 


=; wherein the greateſt, or the leaſt value of z is 


* 


„ . 756 
Hairy m, is pole or negative But, beſides Big thefe 
is afiother limit, or particular value of g ta be deer, 


p 2 . 
9 ident Pa BY 


* 


tis evident from the <> equations, that the 
Values of æ will begin to b 0 e when æ is 


increaſed a3, to exceed f th ves and that thoſe of 


| Mm © 4 
* will i in like manner, become negative, "when * 2 is 


taken greater than / — therefore, * 28 den ow. 


Po 
* 


U 2. 4 (fippoſing u 


N 
value of 4 to be varied) 9 long = x admit of 4 
greater aſſumption. for z than ) will admit. of, without 
producing «negative. values; and vice verſd. mak 
ing, therefore, theſe two expreſſions equal to each other, 
Ng — ml ) = = 


the value of 7 will be given (= = "T7. . | Dn ud 

expreſſing the circuraſtance. heteln both the vile! 8 

„and 5, by. increaſing . 2; become negative together 
hold 


Bur this holds, only, when m is a Poſitive quantſty; 
for, in the other caſe, the laſt term . mz) in the ge⸗ 


= 2.0 continues ; greater thaw 


is of great,uſe in finding the number of - anſwers: FE 1 


neral value of 2 being poſitive, the particular values ds 


not become negative by increaſing, but by diminiſhing | 


the value of. * it being evident, that no ſuch can re- 
. ſult Ho. any aſſumption, for 25 but when. 7 is i 


1 0 
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To 2pply theſs obſereations to the equations Tx + 
al 


y + 23%|= 9959, . propoſed, we ſhall; in the fir 


: "1 


place, by tak ing x = = o, have * 14285 —2 = ER 3 


whence the | leaſt. Py of y is given = 5 ; and th ths 
greateſt of x = 1422. Again, from the equation am + 


12 or Ju K. gf = 23, we have n = 3 — n+ 
2 — 


to 1 
1; and the correſponding Yale of, . m = 2 23 3 and 1 
the general values of x 2 y do here become 1422 — 


* 
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A zin which the leaſt, poſitive, value of als given 
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196 | The RegozurrON. of 
97 — 220 and 5 +7 77 — 2, e From a. 
former of which the greater limit of OY is at 
s 15735: and from — 
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1 - 
* limit, we have 6r, for hs value 2775 675 159 the 
| leaſt value of x becomes equal to that of y. Theſe . 
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limits being aſſigned, let 9 be now interpreted by 


1, 2, 3, 4, 5, Sc. ſucceſſively, up to 61, incluſive: 

whence the number of anſwers, or variations of y cor- _ 

reſponding to every interpretation, will be found as in 
the margin. From whence it appears that the arith- 
een progretfion 4+ 38 + 18 + 25 T 32, Ser. con- 

. tinued to 62 terms, will truly e- 

IN. A; reſs the number of all the an- 

LE N And. Reer when q 7s leſs than 62: 
3 2 4 which number is therefore given 


o 

112 — 2 11 
2 [19 — 2 18 
3.126 — 2 25 
. 


&c, „ 00 be poſitive (as it ought to de): 


. the leaſt value of æ, an 7 be- 


| =4 +61 x 7+4x 3113485. 
In all which anſwers it. is evi- 


comes(= L—= = 613, will be greater than that 
C 


of y ; which is poſitive, ſo far. But now, to find the 
anfwers when 9 is upwards of 61, we muſt have re- 


courſe to the general value of x 5 which, in theſe caſes, 


by the different interpretations of z, becomes negative 


before that of y. Here, by beginning with the greateſt 


limit, and writing 157,156, 


5 
in the room of , it will ap- 


| * 8 ] anſwers will be truly ex- 
13213 | preſſed by the ſeries 4 +8 
18 | 27 |+13+ 17+ 22, Ce. con- 


| 


pairs (becauſe, in every two 


dent, that x, as well as 5, will 


b-cauſe it has been proved that 5 


1 N. N. Anf 155, 154, Sc. ſuccethvely, 
41 4 pear, that the number of | 


Te 22 ftinued to157 — bi terms: 
Sc.] Ec. which terms being united in 


Bi 


terms, " the fame fraction in the limit of z occurs) the 


0 | ſeriqs 5 


* 


* 


be 12 * 3⁰ + 4 + Ee. thence i will, be a a 2 | 
true atithmetical progreſſion; whereof che common A. 


ference. being 18, and the number of terms. = = IG, - 838 belt 


* 3 E: e 
= =48, the ſum il therefore be given = — 20880: . e 
which adding 13485, the number of anſwers whang? ELM£ 
was leſs then 62, the aggregate 34365 will be «08 e 3 
3 of all the anſwers required. nes a 8-7 os LS 


PROBLEM. Tv. 95 e 


27 determine how many di gerent ways it it poſſible. to poy | 
\ To00l, without uſing any nenne . neas,. 
and moidores. . - ee 
Buy the conditions of the 3 auth "I + 117 

+ 272 = N where taking æ r os x is found. 2 7 


= = 4000 — — 2, and from thence the leaſt value 1 
* 20 (0 being Sr included, here, by the queſtion): 5 . ; 125 — 
whence the greateſt value of x is given = 4000. More: 
over, from che ee ez 5m + 21 = 27s we bare 2 


m = 5 fem wich a = 2, and aw = 5 


1 gf 3 $344 
© *, CS +5 x 
* A £ 1 
* k 88 2 0 


—_ ſo that the general values of x and given in "0 
the preceding problem, will here become 2 — 29 * 
+ 3x, and 59 — 2z. Moreover, from the given _ | 


th & limit of 20000* 
tion, e greate mit o * to be = * .-* 1% 


749; whence weallohave EN = ewe Pine 85 


= 296 = = the greateſt limit of 9; ; and = = > 


190, expreſfing the leber limit of 9, "AS: value. of © 


* anſwering to ſome interpretations of 2, will become 


negative, while thoſe of y ſtill continue affirmative. 1 
To find the number of all Wes affirmalive values, up 5 
to the greateſt limit of 9, let o, 1, 2, 3, 4 5 c. be 
now wrote in the room of q (as in the margin). Whencde 


WIC evident that the ſaid number is Compoſed of the- 4 
933 8 © ſeries” "+ 


168. | | The Gas, 4 93 a 5 
ſeries 1 + 3 * 6 + 8 +. 11 + 1% Ec: continyed to 1 7 , 
207 terms; which terms 


. ſetting aſide the firſt )bei 
2 Goo! N Anſ Cs pairs, we. MY 
LT 0 1 2. [have the arithmetical pro- 5 
Xx | 5—#2|* 2} | -3 [grcffiong + 19\+ 29 &c,. | 
210 — 22 I; 6 [| where the number of tem 
3 [15 —24. 73} 8 to be taken being 148, and 
4 20 — 22 10 | TI common difference 10, the 
5 ra 124 1] 13 laſt term will therefore be I 
| 25 Sc. Oe. | Sf. | 1479, and the ſum of the 


whole progreſſion 110112: 
to \ which adding (1) the term omitted, we hade 11011 * 
for the number of all the änſwers, including thoſe 
wherein the value of x is negative ; 5 which laſt muſt | 
therefore be found and deducted. 3 
In order to this we have already found, ae theſe ne- == 
gative values do not begin to have place till q is greater 
than 190: let, We 191, 192, 193, Sc. be ſub⸗ 
ſtituted, ſucceſlively, for gz 


Ms * from whence it will appear 
eee Quor N Af that the number of all the | 
1982 — 1] 737 4 | ſaid negative values i is truly 
19232 — 32] 107 | 11 [exhibited by the arithmeti- 
19303* — $3] 177 18 [cal progreffion 4 + 11 4 
94,32 F 74| 247 | 25 18 + 25, &c. continued 
oe | Sc. | &c | S.. [to 296 - 190 terms ;whete- 


of the ſum is 39379; which 
ſubtracted from 11011 3, found above, leaves 707 34 for 
the number of anſwers required. | 
After the inanner of theſe two examples 
luſtrate the two different caſes of the ge | lution, _ 
given in the preceding problem! the number of anſwers 
may be found in ather equations, wherein there are 
three indeterminate, quantities. But, in ſumming up 
the numbers ariſing from the different interpretations 
of 4, due regard muſt be had to the fractions exhibited 
in the third column expreſſing the limits of z ; becauſe, 
to have a regular progreſſion, the terms of the ſeries in 
the fourth Huben, . the number of W 
| | mu 


which il-⸗ 


3 


1 to the caſes wherein the coefficients of the indeterminate | 


” 3 Wk deres, ee or boute, re according _ . 

as one and the ſame fracti otcurs every ſecon third, 
or fourth, Qc. term {the odd terms, when®there" Happen 3 
any over, being Aways to be ſet aſide, at Fe begin- 
ning of the ſeries). And. 8 may be 5 F 

that, to determine the um of the Prog fh thus ul. 
ing, it will be ſufficient to find the xn ents wy, +3 
an actual addition; ſince, not only the number of tei q 
but the common difference alſo, will de known; being 
always equal to the common difference of the kchits of „„ 
'2 (or of the quotients in the ſaid' third column) mu?: 
plied by the ſquare of the number of terms united ino 
one; whereof the reaſon is evident. But all this relates 


quantities, in the given equations, are (two of them 
at leaſt) prime to each other: I ſhall add one example 
more, to ſhew the: way of proceeding whe + co 


en een a common meaſure, ©. ot WO 
PROBLEM. XY, 3 


pls ing hd 155 + 20z = roco; it is Fans” 
to find the number of all the e in poſs tive integers. 


Ir is evident, by tranſpoſing 20z and dividing by ( 3) 
che greateſt common meaſure of æ and y, t that 4 ＋ 8, 


and conſequently it's equal 33333 — 62 — 222 . 4 1 


muſt be an integer, and therefore 22 — 2 <7 | 
3: but 32 is divifible by 3, and ſo the difference df 
theſe two, which is x ＋ 2, muſt be likewiſe diviſible 
by the ſame number, and conſequently 2 = 1-+ ſome 
multiple of 3. Make, therefore, 1 + 3% (V be- 
ing an integer) z then the giyen equation, by ſubſtitur- 
ing this value, will become 12x + 150 + C0. + 20 
S 100001 3 which, by diviſion, ce is reduced, to 
gx+ 5) + 201 = 33327: wherein the coefficients of 
and y are now prime to each other, and we are to find 
the number of all the variations, anſwering to the dif- 
ferent ae of uz, from © to the "great limit, 1 
incluſiye. | „„ 
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4200 be REs0LUTION, &. . 
By proceeding, therefore, as in the *aforegoing eaſes, 
% Ä 


lue of y is RY = 3, and the greateſt of x'= 8328. 


Moreover, from the equation m ＋ 5# = 20, we have 


M=5 - = —; Whence 2. = ©, and m = 5. 


163 — 5% 24 | 


1388611. 


When there are four indeterminate quantities in the 
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8 * A, 
ba. g cy — * 1. 5 . \ 4 9 * 
3 ; x * #47, x 4 ; ts I 85 3 ft 
4 pe * A hy $ 4 4 
. a 4 „ * 8 4 * 1 0 # 3» þ \ 4 7. ; 
— * — - 5 by * F £ 
* ; 8 x A 8 ; . — : 9 % ” 


Ti 


Therefore the general values of x and y (given in Pro- 


blem 13) do here become 8328 — 5q — 5% and 3 + 


A 5 a | | 


will here continue poſitive, in all ſubſtitutions, for q and 
(as no negative quantity enters therein); the whole 


number of anſwers will be determined by the values of 


x alone. 


1665 3— 52] of 
1664 8 — 5 % it 


that the ſaid number will 


Se. + 4 + 5, Cc. whereof 


the ſum is found to be 


&c. Oc. 


See 


given equation, the number of all the anſwers may be 
determined by the ſame methods: for, any one of thoſe 
quantities may be interpreted by all the integers, ſuc- 


ceſſively, up to its greateſt limit (which is eaſily de- 
termined); and the number of anſwers, correſponding 
to each of th.ſe interpretations may be found, as above; 


the aggregate . of all which will conſequently be the. 
whole number of anſwers required: which ſum, ar 


aggregate, may, in many caſes, be derived by the me- 


thods given in Section 14, for ſumming of ſeries's by 


means of a known relation of their terms. But this 
being a matter of more jpeculation than real uſe, I ſhall 


s re. 


now paſs on to other ſubjects. 


be truly defined by 1666 
terms of tbe arithmetical 
progreſſion 1 + 2 + 3 


' 
RY 


Py UG. +3. 
E 
L „ BY : Cx n * q 
A ok ie 3 nbc $ 9 * 8 TY e 
2& * 288 * . * ww. % "A" AFG 1 * : $ Ea ok. 1 we ws 15 2 ; n 3 1.430 
DS aa e pL SRAOMEr To BCT Soo 1A" 
. = - * - . —_ > 4 ” * 5 A pl of ry "0 5 - 
N | tt, 7 4 1 2 1 ” > * . 335 $ 9 1 
2 x , Y 15 « - . * 2 3 
1 . . 3% * @, C * A 2 
— a 1 
a * * 28 8 1 * 41 


ran 
* 


3 x 
_—_ 


4 from the former of which the greateſt limit of q ĩs _— 


- 


- In order to this, let 9g be ſucceſſivel. expounded by 3 
— —] 1665, 1664, 1663, G. 
11 * Quot. N. Anf.| and it will thence appear 


the I ee of 55 5 af i of Numbers 
"ON arithmetical Progreſſion. . . 


> ES1DES the eo farts of progreſſions rented bf 7 
in Section 10, there are infinite varieties of 78 
8 ; but the moſt uſeful, and the beſt known, 
thoſe conſiſting of the powers of. Ne in ane | 

tical progreſſion; ſuch as 1* + +27 + 48%, on 
and 1 + 2 + Þ 44 155 Ge. where u denotes 
the number of terms to whi each progreſſion is to be 
continued. In order to inveſtigate the ſum of any ſuch 
progreffion, which is the deſign of this ſection, it will be 
requiſite, firſt of all, to ee the following - | 


; u. on! 8 
bd — (+. 4 
a". , j N , - * 0 . 
2 b $ 
2 A 3 
* 


1 my 3 or Fab as | Fant] | | 
2 3 4 Xo nd ce os ON 
Won = dude I. involving the pon. 
ers of an indeterminate quantity u, be univerſally equal 
to nothing, whatſoever be the value of n; aw, I ſays | 
rhe ſum of the coefficients A — 4, B — b, Cc, &c, 
of each rank of homologous terins, or of the lame pouny” 
of u, will alſo be equal to nothing. 
For, in the firſt place, let the whole equation 


1 Ee. | 
Et we: o be divided by a, and | 
Je and 


AB + Cr? &c.. 

n ſhall have — 4 — by — co Oc, 
this being univertily ſo, be the value of n what 
it will, let, therefore, = be taken — o, and it will 
become 15 „ — 0; which being rejected, as 


ſuch, out of the laſt equation, we ſhall next have 


2 46. | os whence, dividing 


4 
* 


32 be InvesrIGaTzono6: 3» 
EB | W 7 75 5 K 5 g | „ ä 
again by n, and proceeding in the very ſame manner, 


: B— is alſo proved to be = o; and from thence "ll 
r M$: TM. 


Now, to apply what is here demonſtrated to the pur-- 
poſe above ſpecified, it will be proper to obſerve, firſt, - 
that, as the value of any progreſſion (1*1+ 2* + 39% 
+ 47 + «+» . *) varies according as (un) the number of 
its terms varies, it mult (if it can be expreſſed in a ge- 
neral manner) be explicable by » and its powers with 
determinate coefficients; ſecondly, it is obvious that 
thoſe powers, in the caſes above propoſed, muſt be ra- 
tional, or ſuch whoſe. indices are whole politive num 
bers; becauſe the progreſſion, being an aggregate of 
whole numbers, cannot, admit of ſurd quantities; laſtly, 
it will appear that the greateſt. of the ſaid indices can- 
not exceed the common index: of the progreflion by 
more than unity; for, otherwiſe, when u is taken inde- 
finitely great, the higheſt power of n would be indefi- 
nitely greater than all the reſt of the terms put together. 
- "Thus, the higheſt power of u, in an expreſſion univer- 
fally exhibiting the value of 1* + 2* + 3... . 2 
cannot be greater than #:3; for 1* + 2* + 3 . 
is manifeſtly leſs than #3 (or n* + n* + * + &c. con- 
tinued to 7 terms); but »*, when = is indefinitely great, 
is indefinitely greater than 1, or any other inferior 
power of u, and therefore cannot enter into the equation. 
This being premiſed, the method of inveſtigation may 


be as follows. 


Caſe 17. To find the ſumof the progreſſion 1 + 2 + 3 
T4. 2. e 8 
Let An? + Bn be aſſumed according to the foregoing 
obſervations, as an univerſal expreſſion for the value 
of 1 +2 + 344. . . 2; where A and B repreſent 
unknown, but determinate quantities. Therefore, fince 
the equation is ſuppoſed to hold univerſally, , whatſoever 
is the number of terms, it is evident, that, if the num- 
ber of terms be increaſed by unity, or, which is the ſame 

| : 2 5 „„ thing, 


” 


* 


/ 


= the dias of ] cp 0 
thing; if FY 1 be wrote therein, inſtead of ths ther: 
lity will ll ſubſiſt, and we ſhall have A NR + 1 + 


BENIN 243 4 „ . #4 


From which the firſt equation being ſubtrafted, there re E 


. ; + \ 4 \ ” ; 2 * by 247 
. 3 IH pF 3 £4 i 93 5 
5 . E ' 3 _ 
ESS USS . 23g 
+ L 


mains A x n + 11 ANB + f Bn = I: . 
this contracted will be2An + A+B= ; wWwhence 


we have 2A — 1 * 1＋ A + B—1 2 7 0 wherefore, 8 


by taking 2A — 12 o, and A + Boz =O (accord. | 


ing to the lemma). we have A = 2, and B =; £; and 


„ I +2 + 3 + 45: „ + B : 
. 755 e pt 


Sy 
f 


— any 25 | : N 8 ' * 
O * 4 / ” 
3 5 4 
* * 
{via - * * 5 - n 1 


6 


» 8 


Let An? + Bx* ＋ Ci, according to the e ob- 
ſervations, be aſſumed = 15 12. +474 „ 3, 


then, by reaſoning as in the preceding cafe, we ſhall have 


Pry 275 5 fond the 58 715 8 4 
3 % 0f 11 4% % f 1% | — 


"% 


Axn+ Ib + BN n+ 1 +Cxz+1= 142+ 


=P * + n+ 11 
to # ſeveral powers, An + 3 Au + 3An+ A + Bu 


+ 233 + B + CA + C= f+27 +3? + 4... „% 
+ n + 8 from which, SON: the former qua? | 


kt 8 * 4 3 . 1 Pry 


— 4; * n a ; 88 FS ad 1 


In this inveſti ation it is taken for 1 FA the 
ſum of the mae is capable of being exhibited by 
means of the powers of n, with proper coefficients : 
which aſſumption is verified by the proceſs itſelf ; z, for it 
js evident from thence, that the quantities An? + Br, 


and 1 +'2 + 3'+ 4 -+-, under the values cf A and. 


B there determined, are always increaſed equally, by 
taking the value of z greater by an unit: if, therefore, 
they are equal to each other, when u is = © {as they 
actually are) they muſt alſo be equal when z is1 ; and 


0 likewiſe, when u is 2, &c. &c. And the fame reaſon- | ; 


ing holds i in all the following caſes. © =, 
1 . bien, 


3 that i is, by involving 2141 
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tion, we hat 3Anf + 3A» + A + 28. > B +: C. " 
(= #+3Þ) = nf ＋ 2 + 1; nt ty 5 
JA—1 x. + 3A 2B — 2 * T AT BAC | 4 

= o; whence (by the lemma) 3A — 1 o, 3A + 
+2B—2 o, and A + B+C—1= 03 therefore 3 
AB = 3 . TOY Ba S N „ 


e 


and conſequently 1 + 4+9 + 16. 2 21 


= 


* ' * 


| RAI EZSS 5 
8 . 1 | Fes bp 

Caſe 30. To determine the So of the progreſſion 1* + 22 
a+ 3* + 4%. 5, MLTTH37 +0... tf. 


| By putting Art + Bn? + CM + Dn =1+8 + 55 
+ 64. - . 5, and OG above, we ſhall have + 
PEE 4An + A+ 3Bn*+ 3Bn + B + 2Cn 
+ C + D(=TF EW) =" + 37. ＋ 3 +13 and 
therefore 4A — I X n* + 6A + 3B —z3 K „ + - ST: 
4AF3B+2C0—3 xn" . 20: 
hence A N 3=)=-, 84 eee), 
4 | 
f 45 (= e * 0 and 3 
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cock In the very ſame manner it wil be 
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rems, with very little trouble, may be alſo extended 


expreſſion will be reduced to 4 „ 35 * +47 +$E - ++ 10*> 


«| let gets in pk feſt place, be required to find the ſum 3 3 
ol the ſeries of . aol 1 147.9 + 16, Ce. continued 3. 
to 20 terms : Yap: 8 1 15 for. 1 in the ge. — 3 


bound pats 2e 3 oome out 385, for the fe. 
quired ſan: of the progreſſion : which, the number o Ee 
terms being here ſmall, may be eaſily confirmed, by ace. ; - 


tually adding the 10 terms together. Secondly, let it Dog -. al 
de required: to and the number of cannon-ſhot in a 9 


ſquare pile whoſe ſide is 50; then, by writing: „ 


in the ſame expreſſion, * wn X LE, L we ſhall have -. LM 
(= 50 x 5 cl * —0 42925, ; Ring Fg number * 4 To: oF 
| thor | in ſuch a pile. Laſtly, ſuppoſe a pyramid com . 


ſed, of 100 ſtones of a cubical, figure; whereof — 
length of the ſide of the higheſt i is 2 inch rae 232 
ſecond two inches; of the third three inches, Dec.. „ 
Here, by writing 100 inſtead of x, in the third general 14, 
expreſſion, we have 25502500, for the number of folid DN 


inches in ſuch a pyramid. _ 32 


 Hitherto regard has been had. to fach 8 a8 75 1 
have unity for their firſt term, and likewiſe for the © 
common difference; but the ſame equations, or theo- 


to thoſe caſes where the firſt term, and the common 
difference, are any given numbers, provided the for- 

mer of them be any multiple of the latter. Thus, ſup- 

poſe it were required to find the ſum of the progreſſion BE 
6* + 8* + 107 &c. (or 36 + 64 + 100 Cc. ] conti: 
nued to eight terms: then, by making (4), the ſquare of 

the. common difference, a general mu tiplicator, the given. 


* 


but the ſum of the progreſſion 1* + 2* + F + 4*....10c + 1 
is found, by the ſecond Theorem, to be pf fig Nn 
1 if ( 5) the NNE: 5 two firſt terms e „ 
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ries z · 4.44 5 107 wants) be taken 
the remainder withbe 380 ; and this, ah 72545 
ives 1520, for the true dum of the "PPE *propre 
lion: and fo of others. 8 
But if the firſt term is hot c by, ex | 
| Gifferencs, as in the progreſſion, 5* + 7* + 9* 


the {ſpeculation is a: little more difficult; 'neverbelaſs 


' the ſum of the ſeries, in any fuch caſe, wy; 2 Sal . 


found, from the ſame Theorem. INES 


Let thi fecies om 4-2 ＋ * + ch + Foray = 


m + neh be propoſed, where m and & defdote- any quan- 
tities whatever, and where n repreſents the number of 
terms. Then, by actually raifing each root to its ſes. 
cond power, and placing the terms in Mey the give 
expreſſion will ſtand —.:. 3-7; 1 * 
m + m* + m EE MT | 

zue ＋ me + bn. z. 2. 

e + 4% T . nf . 


that the ſum of the firſt rank, or 4 — is 1 % my a0 


che ſum or the ſecond, or 2me X 1 + 2 + 243174. 1 
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25 The e of every circle is 8 No "oY 


ed into 360 equal parts, called degrees; and. ©: x or 
wg Irs 60 equal parts, called ch Ap and each 95 e 
ins 60 equal part ale {ccondy, ! 


minutes, &c. it contains. 
3. The difference of any 


drant, is called its complement, and N 1 
om 180 degrees, or a ſemicirele, its ſup 3 
A chord, or ſubbz. -- 4 


e, is a right line | 
drawn from one ex- 1 2 3 


4 
* 
o 
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tremity of an arch to 
the other; thus BE 
is the chord or ſubs / _. 
yn of the. | 
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1 fe fro arch Hs 
is a right line drawn A 


from one eee, 3 . 5 


8 to es N 
e the other extren 
the arch AB, or BD. | © 
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55 © The verſed ſine of an atch is the part of of the a 


. meter intercepted between the arch and its ſine : + AF | 
ID 0 is the verſed-ſine of AB, and DF Df DB. N 
J. The co- ſine of an arch is the part of the Nate 
PRs intercepted between the center and the ſine ; and is aqua 
dio the {ine of the complement of that arch. Thus CF 
, - - »- 1s the co-ſine of the arch AB, and i is 1 to BI, the 
V fine of its complement HB, - * NES. 
ISS. The tangent of an arch, is a. "take "Jing WE 
| . the circle in one extremity! of that arch, co tinued „ - 
'* . _ thence to meet a line dran from the center through the 
Ather extremity z which line is called the * the = } 
„ ſame arch ; thus AG i is, the tangent, : and CG the dent 
8 of the arch AB. 3 234 
„The co- tangent and co-ſecant of an arch, are the „ 
tangent and ſecant of the complement of that arch: | 
thus HK and. CK are the eee gall; co. ſecant of 4 
the arch AB,” 74 
10. A tri Seien, canon, is a table exhibiting - $4 
the length of the ſine, tangent, &c. to every degree 
and * of the quadrant, with reſpe& to the radius, 
5 ' which is ſuppoſed unity, and conceived to be divide 
into 10000 or more decimal parts, Upon this table 
Ws. the numerical ſolution of the ſeyeral caſes in trigono- . - 
' metry depend; it will therefore he .proper, to "Ow with 9 
C conſtruction. x 15 1 


PROPOSITION 4 


D The number of degrees and minutes; &c. in an and be- oo: 
5 ing given; to And bath its fine and co: ſine. _ 
: This problem is reſolved, by having the ratio 57 the . 
. Sreunforente to the diameter, and by means of the, _ 
known ſeries's for the ſine and co-fine (hereafter me Wo 
HO EASY). For, the 3 of the Circle, : 25 
* © Whoſe radius is unity, being 3,141592653589793 CG. 
We. it will therefore ag the ab If Jagroea he mi. 


25 foot the whole ſemi-ciicle is to the degrees or mi- 15 <7 
| in ar arch propoſes, fo is 2,141 5926s e 
| to to the le th of the faid aich; which let be denoted by 
az then, the hack 5 love wah its ſine will be ex- 
WI +» preſh 
55 | : q 
ö S 7 D ; 2 


e in 18 f. 
15 8 4 2 5 ne Oy bee een . 


©, 


S the length of an areh 


| 400029 Waals, — (= 8 8k 
006000004108 4 | eff 
| «000290888204563 = the re uired fine of one minute. 
34 gain, let it be required to find the ſine and 8 5 6 „ 
of five degrees; each true to ſeven places of decimals. | 5 2 
8 8882, zan of an of RS yo 9 
minutes i the pre a+; 0 726546 will be the ok 
length of an arch of 5 degrees: therefore, in this caſe, „ 
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„ gs 508726646, „„ 
cM, © as” ITE 
. $25" = , 001 10%, „ oh + 00 OG 
Oc. and 1 8 80 085 $574 = = #1 
grees. | All. 3 | f 1 
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„„ lower the ſeries will converge, 


greater number of terms muſt be taten to 
A | concluſion to the ſame. 
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the fine, the co - ſine, and the radius. 


the ee. 
2 he 9010 1 Sende is more geo- 
metrical; and that i is; by a 07, the ſines and tan- 


gents of different arches, one 1 another, as in be 


ning e „ 5 . oa =» 1 
POR. R or 0 ds iT t © N u. . F 3 
The f ine of an hb bling de * Fu fad i coſine tans K = 
nt co. tangent, fecant, and | co-ſecant. ES Cate. 5 


Let AE be the propoſed arch, EF its ane, cr i its. © 
e AT its. tangent, DH its co-tangent, CT its 
ſecant, and CH e erg then, {by Eue, 47. 3 we 


ſhall have C F = VCE*— EF. from "whence. the Wn. 
3 . ＋ co-ſine will de known; and . © | 
9 7 | then, by reaſon of che ſimilar 
triangles, CFE, CAT, al 1 + 
Mes „ It will 8 . eee, 
-CF : FE :: CN: AT; 
OD the N. is known. 8 
W CA: CT; 
hence the N is known. 
_— . EF : CF::: CD: DH; 
OW - whence the co-tangent is known, . 
4. EF: CR: : CD: CH; whence the co-lecant is 
alſo known. e „ TI OL 
Hence it appears, . 1 "8 
1. That the tangent is a fourth proportional to the Kr 
3 the ſine, and the radius. 1 
2. That the ſecant is a tits d proportional to the co· 1 
ſine, and the radius. A] 
3. That the co-tangent is A fourth proportional to. 
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4. That the co- ſecant is a third proportionat to the 
ſine, and the radius. 

5. And that the reftangle of the agent ans c- 
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"Lines -AL = ab and BE = 2CD, and th triangles 3 
ABE an- re alike (by Eur. 8. 6.) we have, G „%% 
AB ( A (SAD): BE (aCD) EF; whence ©, | 

it appears, that the ſine of double 8 2 "= 
proportional to the Tank S, | 
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approaches to B, the difference of AB an 


fore the © difference. 
e 115 


V 'rangent; ang fi ene the 


ſine oh tangent of a very. ſmall arch are a be. 
nearly equal, it is manifeſt that a very” ſmall wages 


its line are mY . in the ratio of 8527 Fe . 
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The fine of 30 degrees is known, being Half" the. 


chord of 60 degrees, or the radius; therefore, by Prop. a7 


and 3, the ſine of 15 degrees will be known! and, the 


fine of 15 degrees being known, the ſine of 7* 30 wilt - 2 T 


be found 0 by the ſame Propoſitions), and from thenee the 


fine of 3 45; and ſo likewiſe the fine: of half this; and 


ſo on, till 12 biſections being made, we come, at laſt, 
to the ſine of an arch of 52, 44”, 03% 45“ z which 


fine (by Carol. to the preceding Prop.) will (as the co-fine 3 


is nearly <qual to the radius) be nearly. equa] to the arch 
itſelf. _ Therefore we have, as 52", 44", 03% 48%, 

is to 1', ſo is the length of the former of theſe arches 
(ſp.nd as above) to the length of an r of one wine 


or that of its ſine, very nearly. 


If it be taken for granted, that 3141 5926535 Ge. 


is the length of half the periphery of the cirele whoſe 
radius is unity, we {hall have, as 10800, the number 
of minutes in 180%, or the whole ſemi- circle, is to ne 

minute, ſo is 3, 1415926535 Cc. the whole ſemi-circle | — a 


to 0,000290888208, the length of an arch of one mi- 
nute, or Lad of its . 75 N e n 


; Pl % 2 


65 

- . * mY 
? 8 
FS 


BY ks 
A 


e 


5 8 ** 


10 half the 
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2 5 other, OC i s not only icular to BD, but allo. A 4 
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4:4 baiſects it ( Ele. 4.3998 it is evident that Bm, or 
8 Dm will be the ſine of BC, or CD, and Om its Co- 5 ; 
= BK fine; and that mn, being an arithmetical mean between 
tte ſines, BE and D „of the two extremes, is equal 
40 . to half their ſum, and Nv equal to half their difference. 
25 Moreover, by reaſon af the ſimilarity of the triangles 
3 Ok, Omn, and 51 5 it 7 JJC 
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| whence it appears, that the ſine (DG) of the ſum (AD) 
of any two arches (AC and CD) is equal to the ſum dt 
the rectangles of the ſine of the one into the co-fine | 


45 of the other, alternately, divided by the radius; "and; 


that the fine (BE) of their difference (AB) is equal to 


; the diflerence of * ſame e divided, FAR 17 % 


22 . 0 ne 


Moreover ſeeing] DG + - BE (rn): is = = ger, 
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and DG — -BE{ =DH Doeh N from d the 


20m CF —BE, an 
— 5 An 


former of theſe, we have DG = = 


D X FO 

OC ; 
preſſed i in words, give the following -Thobrems: 

Theor. 1. If the fine of the mean of three equidifferent 
arches ( ſuppoſing the radius unity) be multiplied by twice the 
_ e0-fme of the common diffexence, and the fine of either ex- 
treme be ſubtracted fron the e 4 e remainder WY. 
be the. fine of the other extreme. 

. Theor. 2. Or, if the co-ſine of the mean * bhp „ 
twice the fine of the common difference, and the produtt be 
added to, or ſubtracted from the ſine of one of the extremes, 


from the "TOR DG = 


the ſum or remainder will be the fine of the ather extreme. 


Theſe two theorems. are of excellent uſe in the con- 
ſtruction of the trigonometrical canon: for, n 
the ſine and co-ſine of an arch of 1 minute to be foun 


by Prop. 6 and 1, and to be denoted by p and 75 reſpec- - 5 


tively; then, the ſine of 2 minutes being given from 


Prop. 4, the ſine of 3 minutes will from hence be known, 


being = 27 Xx ſine 2' — fine 1 (by Theor. 1) or = 28 
X co-ſine of 2. ſine of 1 (%y Theor, 2.) After the ſame 
3 1 anner 
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| „ | In the a 8 be des the angles. 
EE. ments of the fides ab and de, and the eng 
tended thereby; to * geribe the triangle,” 


2 i ert dus 4 
99 = A 
; „ agg 
7 from the point u, where An cuts * ery.of the 
| | | gh E, drawn FE, meeting the petiphery in 
E, and B. E, and: draw EC'paralithio BF, 
| produced, in G; and Wen dee dinge is. 4 
/ | 7 go od t net . go EAT 
nw DEMONSTRA'. 10. 3% Wl. 
Seel 
| L lines BD. EF, e D, 1 2 ay 15 . 85 
PR ng . is ED BF 2 {= ), and the Angle A 2 
Ro A F (ace) Euc.,28. 1. Moreover, the angle BER 
« : : | 1 | 2 3 = : 755 


i BE is. LD to; 


NS * 7 . * 8 
. 4 NR. 
/ ; W 4 L ; 
b * n 


NS Ml 7 


ae, IT 32 n 182 vi - p< 25 hy | „ 
1G rotor 3 290 ES | 


* . >.c W 4 * 4 2 
1 2 72 
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4% . 7 . ; \ 
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$ CT 5 1 { SJ" $a 1 
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* 45 a . E ! 
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15 
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mesgleen ans: 8 0 * 
gle, and let BG: * 


A . Fenn N 
11 #46 
0d i 


N to 


te. te N 


bed 5 e 5 F TE * 
| 'D'; nk DE r EDOE Largo PRESTR tas 
Fs, u OB; Jein P51B, 5 
| | el be/the, ZAR Gb eye ee, 
- ©, DEMONSTRATION, >. 
; DA and . e DE be 
5 produced to met —_ Sthef nF: 05 2 eee 
Tzde lines BG and DE. dee equal, and enllel 

0 Sion oft therefore BE'is = ='DG, e 


3 1 : 
Ek . 1 5 Jo 8 N 88 B U 2 N $$ 2 "$2 * n. 


4 
- 
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. The e 


FVV 
AD is equal to the other: : hogs oi the' 8088 A: vb uy 
Eb (BG) arg equal to the giverfides, by conſtruttion; | 


and the-angle: Elis, equal. to the: given ge. Sen e 5 a 6 

cauſe DF en e 2, 8.0, | 
51 55 0 al [2 LAS. AY Cledltion. | . en N RE 

Spot AG be djawns then in the triangle A 


will be given 1 two 


angles will de Kno enz chen in the triangle 0 
be given all the ſides, whence ib angle A wi 
known, and from. thence the wt hole Aang! 7 51 N Aly. 
in the triang le BGD. will be tou __ two Tek BG 


d43D, GD, wh the 
a BD 110 He ined gl, En Be 


will 5 


1 Sth 5 R > 44.2 5 1 K. M. I, ; 1 70 25 1855 In. 
wy One vi 


The 9 of the baſe AD, 58 am the dine N 8 - 
- biſefting the vertital angle ACB of a 22 15 angle being 


| grven, to  deſeribr he triaugla—· 3 '# wolg 
cs Tue f „ 


In AB e take DO AD. as DB: to, AD 5 


* 


tet O, with che 
radius OD, de- 


ele DC alſo 


diſtance DC, 

deſcribe the circle 0 and from CE, the interſection 

on the two cireles, draw CA and CB, and the — is 
one. 

23 DEMON, TRATION. 71 
Since DO : AD: : AD — DB; therefore (y 
the ltmma in p. 334. ) 75 CB :: AD: DB: whence 
CD bileQs the _ ACB _— 3- 6. S. ©. 

| OY Method 8 


des BA and B, and the include . | 
angle ABG, whence the: fide AG'and the other two 


* the ven» 1 


ſcetibe the eir- 


S => > her - > 
TBE TT Diathegiven 


* 


N * 


* 


8 ing gi en a baſes th 6 ay at the vertex, and the 
Hin drinon Cup chene fo hiſt the baſe; to co rs be 
triangle. | 3 LES. 
EW CONSTRUCTION. 4 


- 


im C3 join A, C and B, 


| Ja 
ment of a circle ADB ca- 


in the triangle AOF will be 


therefore wil? bo — ; 3 when 
© ſimilat triangles DC Bec it wilt . as. 
E » . 25 AD —BD x DC, 


whence AG ind OB are inn. | „ 


: _ 
* — 
1 3 ak : 8 
2 ** 1 © © vn 1 8 * * 
5 2 IF i 1 80 i ms 3 
0 X 2 * 6559 | 2 8 : \ n 
» 4 2 ; E : 


e the given baſe K 
deſcribe (by Prob, 4.) a ſeg- 


pable of the given 75575 
and, from the point F, in 
. which the perpe e | 
DF biſects AB, with a ra- 
_ FC equal to the biſect- 

line, deſcribe „Cn, 
en ded the USAC ACB 


©, anal the:thing is dene 0" 
- The! demonſtration of © 


„ Methad of Calculation, . «rl 
Foam „ let OA and OC be drawn; then 
iven all the angles and 
the fide AF, whence FO and (OA) will be known 
and in the triangle CFO will be given all the 2 
whence the angle FOC, und its fo pplement DOC, 
expreſſing the dilerence of the angles at the baſe, will 


- Aſo be Known. ; ng 
8 . Ga b N PRO. 


De: be. = 55 —2AD" * BD Fey, 


which is N from. the conſtruction. | N 


* 


| 372 1 . bs Consravornon „„ 


· R 0 B L E M IIX. 


Te ba 5 tbe difference of tbe u vat the l 7, oP 1 

ö 5 12 rom 1. e hs 

plane triangle, being given; to d efcribe the triangle, e 

.CONSTRUGTION,.. . EY 
Up on AB, equalto'the-given baſe; let a ſe; ment of 5 

circle AHEB bþ be deferibed. ro contain if angle equal to > 

en Ag the difference of the 

a BEBE 2 K K Rogier it the daſe; 

. 5 N biſect in ($58 "and - 

take FTE to AC in the 

_ duphcate Tatio of AC. 

to the given biſecting 


3 = * and DI perpendicula lar 
1 5 to AB, - cutting / the 


520 > * * 


Ges 7 cutting, EST in Gz » 


lel to AB; join A, E and 1A, H, and in AT cake AN 
equal to NE. 3 draw MN parallel to EH, meeting AE 
and AH in M and P; then wil, AMP, b be, AI 
which was to be. conſtructed. „ A 
D EMONST RA“ 0-5 "er > 
| Since, 0 by konſtruition) CG is parallel to DI, and. Kb 
AC:: AC: CD; therefore: ( Euc. 4. cn, ere 
Ag: : AG GI: Ag: GX AG; but NAG 
=EG x GH = E07 Eu. 35. 3. and g. 3.) therefore 
| KL. : AGg: : ACg::iEGg4;'and conſequently KL. 
AC: 3 AG: E6 : 22 "AN; NM ; but AN is (by con- 
firu#tion) equal to K1:, therefore NM is = AC, and 
"conſequently MP-( 2MN ) = AB. Moreover the dit. 
f-rence of. the angles at the baſe; P—M, is (= AHE- 
—AEH) = AEB; which {by conftrution) is whe fr to 
the Kade _—_ ©. E. D. e 
| Methed of Calculation. „ We 
From the center O draw OA and Ol, alſo Graw 10 1 5 
| * to EH, meeting Os in v: ther it will be T9... 


cone 


vertical angle to biſett. the baſe 7 4 Te! 


circle i in 8 and I; dra 


* 


and draw - 80 1 
t rend Fed paral- DES 


cee bed Provinn - 
eee 4% K LY; A Iv): . 
2 . of AOC or AEB, the given. ee "of 8 n 9 at 
= W. baſe, to the ſine of 801; which, l 15 Ee. 
| s; AOI, whoſe ſupplement, diviged by 2, will be 


(: IG; from whence O and its fupplegent OGA are 
I given, and conſequently ANM: (equal to AGE); men 
mm the triangle ANM will be given AN, NM, and e 8 
Included. angle ANM, "whence the angles oy Ft P, 

"7 4 . ö 


Will alſo beg wen. bi $A 3 e * . 7 
ok 120 921 £4 WAS: 9 L. E . 15 ae f . a > < 
M$ tree feof «rings bong wv ens! 


: E: $ELANg er: 2 9 ol | 
18 . 217 CONSTRU Cr. 
Make Ah equal to the ſum of the f 5) 8 ES 
ſect in P. making PO perpendicular to AB, and: the 
Aa avgle PAO equal to half che given.iaogle, at the wer. 5 


tex; from the cen- 8 . ples i þ 4 Barr: +62 Ke | 141 5 os: . . 


ter O with the K „„ 
radius OA e 
ſcribe tte circle LE 
AHB, andin OP, 
'Þ oduced} take 4 . 
K equal to the A 


5 given perpendi- ; „ 
A n . 2 5 2 C 
| HA, 993 Ep at I'D 125 e "ao: BAL UDF 
rel in H; gm No 1 and B, 3 make the angles 
£ | BH and A IE equal to HBF and HAE 8 Yy 5 
; then will EHF de the triangle required. Fe, Hs 3 


b LBEMONSTRATION. > | 


L 


85 1 nd - E, and draw HQ DD dar to. e 
nn, e E „ 
be ang le EFH is = BHF + BF Sale, . = 4 
— = HOA ( Euc, 20. * and, in the ame 
| manner.is F EH = HOB; henceiit plows that EFI 1 
- 2 er he OA + HOB) = = AOB; and, by taking 2 5 5 ; 


785 292 ual from Nr W al 
; 0 * 5 we. * „ 3 
. * | % 
| 1 , 
ond a 57 TY 42 5 ; 41 — * 3 Vo 2 7 — A 75 
5 3 Fa 1 5 > *, jp * * 4+, „ 42 = * W ©, * , * 
— F 5 2 . 2 5 ” 3 ö ; 5 
29 , . Ld * 4 a . 5 . a £ / * 
. » . $ A + a 5 1 * 
EE . - SW 
„ p D 8 ; ” 
4 F } 7 — + x; * 
4 ? — | 
- . 4 
; » » 4 FA * 3 
s „ 
/ N ö - 
{ 1 F . 
. 5 e — 
89 4 5 
4 7 — 
7 1 , 2 4 
— 7 1 


23-00 


= the given angle (by „ ; 18 
2 1 = the Frans e ns Ted 8 
will 4 % be = ab x : the given T5 of the . 


8 Ys. tay 10 N 
. 8 


D Trig 


I rie Cons rub ele 
ve babe EHF = OAB + OBA' (Exc. q 37.) Sh0ap | 


will be given < 


K) 
OBE, 7 a 3 | 
in the trian K E FH are given 


pendicular a, e or the fides will 

Bet the anſwer may be more cafily. brough 
frſt finding, *HOK;-the difference of the 6 © AB 
and BAH, x 4 in i the fifth enn e 


The fon if the three files the Are: of ts 


on. 


CONSTRUCTION.” 


Make AB equal to the ſum of the des, which biſe 
in E * the a 8 and make the angle Er 
1. equal 0 half the 
. — RA giben 


5 80 taking 


Car 


0 K 4 Ez, od 5 Ad E to Ex, 


mecting _ in 91 and on che center P. at the whe” Z 
of. 


. 


5 Abel Catel, i © < | 
"Is the 1 AOP are given all the angler Re the. | 
ſide AP, whence OP and AG (HO) are nz then in 
| (OP + le OHK. will be given the fides\OH and DE: 
* whence HK WII 2 Kt, in the _ 


„ e the wood a 


* 
4 
— 
* * 
# 
* * 
— 


RY N 
at the baſe, and the length of the line biſetling the vertical 
LW ns W * river 0 A * : 


of the angles at 25 


1 to the 
F Pi "bifeing the 
vertical Ty 2 
through #''draw __. 
patallel - ro © 
AB, cutting DBE... 
in »5 draw u, 


— 
5 : 
2 1 
— 


1 of ce. hy —.— a coi — i. __ 
- e Ay and make the:angle UF Ur 
Err =D GE 8-11 
_” a then wi | bh 
wa to e ee arg 5 mb a4 2 N 
: . 1 EY „„ 
d e ABlerfall tie p ILY „ 
e Gef, and let DH be drawn parallel | 
to Er, meeting 565 in H. Ae 12 reaſon o che paralie] . 3 
lines, it will how NED Dn) Em: F 
15 whence, Er being = Em | Fl and DA — 8 ö 
Are ag <quat, und the int in the periphery of "I 
Gs N therefore e angle „Df (Er) at the cen. <0 
Olin ops pon half the arch 'HC, will be equal to * | 
£ — an gle HAC, at the periphery, ſtanding upon that 1 
_ At that is, equal to the difference. of the -. = ETD 1 
gles ABC, and BAC; but the angle IC being doub „ 
ABC, and FGC double to BAC ( confiFudtion) tl 5 EY 
difference of GFC and FGC wilt be double to the 7, 
- - UNE between ABC and BAC „and thevefore equal. _ 's | 
E. 
#4 
| 


8 the difference g 10 _ Moreover, be- 
J Q-,2PCQ wil the difference 72 8 
tween PEG and PCF, which a Hkewiſe be equal wp 
A Er, the difference of their. complements PG FOO. and 1 $7 
PFC; whence * Er, and r 


at 


Er. Furthermore, fince the 
BCF = CBF thence will 68 8 = A 
| and therefore Fo 


be of Cb 


ON tie tinge 5 Enr are. given all the Abe geg 
ne Er n. will be g J Heb, 15 the tri 


Fall) whence E : 

angle AEn will be 8 B e XI e-an I 
5 g s Ex and E Ft EAN given 8 
then ir will be, as s the dips 'o he of DHy of Erb N 
nn Da: . dee fie of Dro » 

fine of Ar, os Ab ho o ſupplement o ACB, 
is alſo given; from which all the' reſt of the angles.in | 
_ the ranks are * * e and-ſubtraRion is / 


3 CAG, = 7 
| E fe <P 
G + GF. 4+ FC Hu 15 1 1 : 


—— — — 2 —j 


ROY 1 


3 
Ds 


* . F * 
2 > 3 « 4 * 


— 
we 


70 - 
a — 
* >. 
"A E 6 XC 1 " . 
0 8 | . g . a ; - 
nn —ũ——⅛8 — F bo 


„ 8 bees erben, 8 85 = 
IM Dd ſolving. the problem, it „ 95 1 ” 
ſerved/-r ultes'three. operat ns: by the ſines and tan- i 


gents, bot "the ſame thing nay | or med by two Hy ; 
Propofgiens:ony tbr EE AE. the ſocant of. E. 
do the tangent of EnA; whence. all the reſt will ebe 
: found as above, N 2 80 5 
„e IB. OSATAL nne 
5 2˙ aber a. giuen triangl: into the form of another, ar of 
make a' trianple which Jon be. ee ra one triangle and | : 
27 nd 1 FRY 1 . Ap 8 My 12 
a " CONSTRUCTION,” | 


<YS 5 ese 15 baſe AB of che triangle ABC, TEST 01 e 

8 e e triangle {99s deſcribe ADB dog WE 

1 r to the trian : 
Lot 7 1 pets — 
Pe SE rarer "hi A . 
1 in F; ng, e 


1 


41 75 


e a een e 
portional be- 
N 7G ny 212 OY 1 bY 
; "Ol znd, 5 
rallel to DB, 15 E 8, then will AGE be * triapgle | 
that | was to be conſfructed. : 3945 


TY ; 


„ 'DEMONST RATION: 5 


15 FR and D be perpepdicular to 7 ten & | 
1 ADB : "triang. ACB: : DQ: FR [ Shit. = 
ND: Able At 0 6.) N 80 B 
uc. 1: 6.) : : AD“: AE* (by conſtruction) : :.triang. - 
455 3.6): AEG (Euc, 10 My. ) Therefore, the Be: | 
ecedents. or, the feſt and lat of theſe equal ratios being Da. 
ACB, and SEE. muft x necel= | 


7 Fs ad "4 yo". 
14 N 1 
+ 


1 


R 
8 


e ſame, the .conſequents, 
ln be, 2 ce N., Bun 

„ . Aethad of Caleulatipy. 1 

4: In be triangle. ADB are given all the MED and the 

. fide. AB, whence. AD will, be, given ; . next, in the tri . 

1 ri * the, angles a te * 


0 | EM: {xm 7 8 e 

17 115 pan a triangle ABC, „ 
3 . Ee if EG threc angular Pointe, Hull Hi. DEE 
_* whole: ak gh 1 * e. AOB, yOu. I 


1 . ne to an three ger 71 ight 5 


- vey 0 n , "and þ ee 1 EIN 8 1 0 A A 5 2 5 4 ' 
þ A e 72 . . 8 - "A + T > 
- 1 22 ; * - "© | * 5 12 hh 
3 5 rn by 2 Cc 3 6 5 53's #% Raby, GE. hy es 
Na % D LO 25 * na O 8 1 R * Y 8 8 1 1 15 5 > ol - 2 3 5 > Woes 7 ; 
* 0 * 4 
LS Ms hr: Þ \ mg S a 


In ca and AB produced, 1 be, „take CE . 
AF, (rack equals rr + p,joiging Zn and F, „ „ 


Y „ 
» 


ax Oc e tf A 0 lll 1 41 bith z 4} ; 4 Do | 4 
ee den of Hoſe lines, a be ei D 
n e IM e UGG yd ow 91m oiled offs to 5 we „ 
„ e DE M. O. NS T A TEON. FP. „ n 
=" bus 945 1 1 i 8 a e 
BD) be perpe aA 


URN EST oo 


ee ee f ; 
__ © 19 7 * BD. | 
deter u fn P 1 : ; 
- bHa{iBD, : 9% | the triapy } I 

the. very, lame, manner, ra 
AB is 19 the, wa 10 e SN 5 
+85 whenceit co that 1 

. muſt be to the hols ben as 6 | 

"therefore theſe parts are to one Bat, in Tae „„ 


; 4 Fs. f 4 a * — ot] 


d %, #%.4 S« fri, 49K 
tio of. in, 7, 3nd P. L E. B. a ; 4 
als 7 47% 741 CES 3 en Mei bod * | . 8 


— 


e « Conernverion of” 


of 4 . * 77 22 - 49,8 es 7 * BY if hs #8 
PE 95 3 22 . 70 8985 hat; ff 
* 2 ——— — e k - * 2 * 2 
od Bis Nxryays HH 7 K e IK 
jm + += +: +: AB A0S.. OE. 
Line Nr OM. 
1: 35 1 AC: Af | J. | Tt 


both PAS) oo open given from 0555 then, in 


the triangle AQQ,, will be given twa ſides und "ae SL 


Se A e W 880 l te LA de. 


'S ks | given ING Auch, . SITY 


s AB, CD are parallel, according to a given ratio, 
Poet ON, 7 through þ « give 2 55 | F 


* Lats. oF: 
' CONSTRUCTION. 5 
I, Bi 62.4 16 
and & 3 
—71 rallel + to AB: 


© PC): meeting, Tl 
in H; then ivide. 
 GHinM, accord- 
ing to the given 


| A | UN * 5 ratio, and through. _ 
X x N draw 3 and : 


the ag is an 1 
1 DEMONSTRATION. 8 
Draw EMF and IHK parallel t to AD, meeting o 


and AB in E, I, K and F. © 


Becauſe of the parallel lines, we have GD = ME 


= "HI, and AG = FM. = KH; whence, as GD is 


_ AG (by confirudtion) ME will be = = FM, and HI = 


| HR; and — "triangle EMN will be = FMO, and 
THC'= BHK ( Euc: 4. 1.) whence: it appears that the 


- 8 A( OND-is a 5 5 to che paralleſogtam 


d the trapezium CN equal to the parallels. 
kn FI; but theſe rae rams are t6' one another as 
eir og ri or as H (Zar. 1. 6.) i e 
3  AQND: : QBCN. 2. E. 2. 1 
' Methed of. Calculation. 1 
| Whertas AB and DC are parallel, GH is an rich 


* mean between a thee and therefore equal <Y 
eie 


* 


n 
1 * 
„ 


: "PRO: 
2 equal To. 

0 through 22 

45 To PE + a given 7 Ron. 4 ec: es AB 5 

5 „ Ire parallel, into wo equal par, by 4 Tightoline 7 5 
| | JETT... oo ONO pe 

| ; J 

8 ot "ol 1 8 ö 


| : > r 
6 Aar to HD draw 


Yo G and. biſect 
= e 

6 5 5% to "HG 

: =o . 


1 ee „ 


—— 


metlesl-wwelh between HA® and HDD it i 1 


one another as (HE, 


AB — 50: AD :: DO eee 


: given, as as before. 3-4 El 


the triangle HEF will alſo be an krithmeticabmean 
between the triangles HAB and HDC (or ABFE; => 
EFCD); becauſe bg being fimilar, are ta 

9995 the e of their 


homalopomn . 2 E. H. r . 7 


a Ef OF "OY 2 I A Shae 


„„ bee ß Calculation, Ny Ls 


= Since all the ſides and angles of n are 
ſuppoſed given, the ſide CD and all the angles of the 


triangle HC will 1 0 LN H and AH 
will be 6 ; 3 HE, = = 1 | — 


alſo be iven. But the ſame thing my be had Silkbue 


the. ang es; for, inte" DC is parallel 20 AB, we have 
97 


PROBE: E M LXVn. Ts 
To divide a given. trapezium_ ABCD accordii ing : 
*. 2. 


| given ratio, by a Tight-line” LH cutting | the Ppt 


AC, BD in given angles. 3 
| CONSTRUCTION. 
Produce the ſaid oppoſite ſides till they one In E; 


draw AD, and CF parallel to it e BE in ; 


. ä e BF. in 
Fi One 5 928 ing to, Ws. . 
8 . % gen ratio; 

W 11e eee 

if 8 \ * * * . ; * yl 8 ; 

of 4 LY . . | done, * | 1 i © 11 45 Tr muß E 

A 3 LS SA See ; Equal da the 
"> WM 5" 2 given angle 


B&B. 27. "ED... FE ich” DH 
dite make with AC, take EH a rmean-propartional, be- 


tween EG and EK; then draw HE. parallel. to. AK, 


and the e . 
DEMONSTRNAT ION 


* eonſtfusdon, EG : EH: : EH : EK: EL: 
Th 2255 5. b.) whence it follows that EG * EA = = 
- *," at 


4 


. to, cut thoſe lines in given angles, 


A \ 
* a- 
4 I L 
s * bo 
5 
8 15 * » 
XS A . q 1 0 ” 


J 


Weiber (Euc, a5, 6.) 
DE mmon, the remain- 


Ein apon, the Fo .baſe 51 D- 
me. para els; erefore * (by $a 8 
900 fo = CDC 


, 


=. 


* AGB (ALHB) + 2 "Ef. £ 


* N . 9 TY on 3 Av 8 2 be ets NE a e 
ae; FU 8 tn s . e of Calculation. . 45 17 * 41. 211. | 
-Tnthe-rriarigles\ABE. arid AEK are 'given all hs 


angles and, thæ unde AB, whence BE; BK, aid EC will 


FH . gg nf r 9 


be known; then, in the triang le EFC will be given op 


all the angles and the- ſide CE. "whence EF, and from 
. thence F G agd. EG „ Will be known; laſtiy, from the 
Lnowa values” .of EK, EG, and. EE, the value of FH. 
EF) will be found... vt ar Venen 


3 * 


Two th 8 ines AG and. Aff, -mectin 1 a. "ole * 
being given by poſition ; 3 it is required, 10 pp a rigbi-liue 
o that the Friangle _ 


brmad from thence, oy be"equ ual to a I W 


J ; #3, me 


* 


Ms 
. 
2 
41 


Nees $$. ' CONSTRUCTION., 1 


7 Let the angle ABE by po to the given 27a 
ans. AG in 2 2 | it 3 


E; drawE Ff x - To 1 
perpendicu- „ 3 5 
lar to All, . E. T „„ 
make B, | PE 
Equal 2EF, „ ö * . 


** 


and upon ** = 1 28 5 Ss "OE =. ww. . k 


 AQdeſcribe 
ae; ſemi-circle AQ. cutting BCi inn; n un yas? 
rallel to AH, meeting AG in n, and a parallel to EB, 


and AE will be the trian le re i. xe: 
3 nennen 
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0 o 
_ . 
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4A- . 
5 a * * 
4 * 
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* — 
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— . ws; v 
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* wy t — A 
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a 120 | 5 
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| # - * 7 ö 

8 1 ) ; by * 2 N 2 
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12 5 n O E LN 
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* -+ 4 * 4 
5 2% 
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p l 
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* ö 
F my 
{ : 
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. "iy; 4 
5 \ 
1 * 
Fs 
| l 6 '% 
"SY: 
3 
{ ; 
8 : 
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wx 
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* 
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"nll be "ur the in 
: EF*: 21 F ** A . 


- 8 PET be 1 that is, MES, 1 8 D. 
een tf 


In the triangle ARE are given all the * wad 4 | 


We AN AB (Euc.1.6.) 7 55 e 
8 the fame, the 'conſeq| 5. 


gde AB, whence EF will be given, and conſequently _ 


| AB * 260 3 whence: AP and An mocha 
1 1 nag 9 085 ; 4 
| | 13 1 E. M N K. . TEA 

Tf from any point — in one, of « a hs an 12 KA 2 

- ert 8 5 be drawn, 5 5 1 857 AK, AL . 

; * equal angles (AC B, ABC); and from any her point D 
| in the ſame ſide AK. another rigbt-line he drawn, to cui o 
an area A _— to the area A BC; 5 7 Jay, b DE 


will be greater : an . . 
3 DEMONSTRATION. . 
„ . pleat the patallelogram DCBG, 8% 5 
a — in BG ( produced if need be) take BY = BE, 
TE raw 


a the triangles A ABE, ACD are equal, by ſuppo- 
ſition, and have one 
angle, A, common, 
therefore, will AD: 
J AC; : AB (AC): 


and eee 


than AC + AB 
whence it is mand. 
feſt that CD muſt. 
be greater than EB, 


er BG has: BF. Mereover, becauſe the angle. ABC 


Rn. 


* 
" 
_—_ 
* * 
> 
* 


r than FD, unten uk 
ay reater chan 8 


ro LR e bee 
„ 4% ut po a. 
Fright, Kl, | 


and let .the fides AB and DY, 
+ is: texminated; be produced 


e ebe A bd uc! 45. 2 


— | 
AM \ 0 et a y | 
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| be conſtituted: (by Euc. 14. 2. 4 ual to the while. 1 2 4 = 
ENS ang le QN : biſect the angle BGD by the right-line 
e and make GR perpendicular to GH; and dr - W 


, 5 ; 
# 
* — hy . 4 — F <> &.4 
— - * 1 x n 5 : | 


Pg 


a - 
- 8 — . 4 
% * . — % T 
5 TX «_.þ 
A 5 1 of ; 
* 
N 7 
5 - J ; S : : 
— - % . \ 
* 2 ö 
* 
* oi; 


K f * * * Py 2 be. 9 I . 2 : 7 - 2 ; 5 ; =D g 8 1 
4 : 1 1 0 » 3 4.7 * * * 4 * 433 ; a 1 5 y 
% £ 4 , — . * > 4 * n * Py FE " 7 be — ** 
* 27 s * ; , 3 * 1 k I . : * * Ss . 83 
5 — a 3 * 0 e 
” PE 4 | F 24, „ GE 
"— 5 1 | ? 6 PHT 
« , : $5 


b meer e wike ſquare 8 e 25 
„ e Ho BS |; qi 
„ Ro 6 BE. ns 5 n 9 na 

; . * rr | $2.4 AS „ 2 


SEE min A Fg 18 ＋ 1 14 8 
5 3s = HK, ard"t e angle WG 
'Þ the angles Land K are equal; 
„„ preceding lemma, IK is che ort 
55 8 drang 10 cg lame ark 85 2. E. i 
5 i ede n he. be AFEG' 8 ind 155 be. [EG 
Siding | it into ting 80 AFC > EFG, and let this area 1 

be added to the given area ro be cut "off ; Wand then, the 5 


85 Qqmuare root of the ſum being extracted; vu will Rave 
| Es che ſide of the ſquare GT; from whence-GL will. 


| . con aſtruion, 8. KGr t=.G 


Co be determined, as i inthe. laſt problem. b ei gods ve LE * 
Wate. In the ſame manner maya pivewaren be 3 
5 off, by a right-line ee any given bs. . a | 
oppolite 8 . . 


PROBLEM Lxx. 3 
= - Through 4 given point P, to draw ar iebr- Bad PED-”.. 
ent two right-lines AB, AC given by | 5 tion, fo that the ' © 


triangle es Joes, from wo, my be * a vive ar. 3 5 5 
nitude. „ | 5 


. 


- CconsTRUC FI ON. Te Ps 5 
Draw FE H parallel t to A, e AC. in F; 


3 


=_ 


3 


"DEMONSTRATION. 


cas M to de the interſection of DE 3 os 118, 
of . becauſe of the parallel lines, that all the 
three es PE PHM, PFE, and MDI are equiangu- 
lar; therefore, al | eqgiangular triangles being in pro- 
portion as the ee of their hom us + "wc and 
the ſum of the ſquares of PF (IK) 1nd DL heing equal | 
do ibe ſquare of f PH, KD), by con/irudtion and Ec, 47. 1. 
it is evident that he ſum of the triangles PFE and 
| DMI is = the triangle EHM; to which equal quan- 
tities in fg. 1, let "AF PMI be added, ſo ſhall ADE be! 


- ' likewiſe equal to AFHI: but, in fig. 2, let PFE be 


- 


2 | 935 3 
ADE, w as before... 2 2 2 . TI ess y — 1 85 


; to which - 


= LIE: x 


. Method 1 2 e v5 

By dividing the given area by the given © bad of 

the i P Hs AB, the baſe 1 of the 2 wg 

AFHI will be known, and conſequently "PH ( SKD); 
Ga 

e problem, it may be obſerved, becomes 

iümpoſpble when KD (PHY is leſs than KT ( PF)- hic 


can only happen, in caſe 1. when the 055 area is le 3 


than A | parallelogram under AF and FP. 1 4 


04514, PR QB LEM. 


6) "Wks ma Ziven e ein a - pe” 
EDBHG of fro to a given "eng KL, r lde 5 


* Lab rab a. given point P.. 


"CQNS TAYCTION... cr - 


1 the ſides of the polygon. CB. and F G; which the 
18 line ED falls upon, be produced till they meet 
in _ ur ML (& Auc. 45. 5 make 97 rectangle = 
CAR 19 e f n 3 d; I MN 


”. 12 x 3k 9 % $5 8 : 2. kN 


x 


_ „ 1 * * 


from PHM,. 3 chere will remain EE = a} 


ce DI 175 V KD*<eF"): Will n — 


* 


| The© Durrant: of - 


AN. equal to 
ſo drawn through the given point P, that the tria 
AED, 1 er 7 0 YR be Wege to _ 1 a 


N e T a 45 
reflanite KN; then will FDBUG be BW to KL; 5 


for ſince AEB is = KN; let the equal quantities 


AGHB and MN be taken away, and there will remain 


| EDB Ho * KL. 
Method of . 


Let the area of the figure AGHB be Gund: by FR © op 


- viding it into triangles, and let this area be added to 
the area given, and the ſum will be equal to the area 


GHB, and, by the laſt TONS le * D 


AED, or the rectangle KN; from Ry, AD ll be - 


found, as in the laſt problem. 2-7 nes! hn 
PROBLEM LxXII. ok 


5 Having the baſe, the vertical angle, and the 1 if | 
the line biſecting that angles en IE ha 72 "Rs « to. 


ugeribe the triangle. 5 
CONSTRUCTION: 


Upon the given baſe AB let a ſegment of a * F 
ACB be deſcribed (by Problem 4.) to contain the given +: 


angle, and, having completed the whole circle,” from 


O, the center thereof, perpendicular to AB, ſet the ra- | 


dius OE be draun; z draw EB, and make BG perpen- 
He . 


Is. 


. Mindy therato, and equal, w half the einen bias io T6 9 


une and from G, as a2 N a 
r Denter; with the et wage" & 35 5 3 
5 ue, let 2 eirele 1 1 . 1 
5 4 : - be deſcribed, interſ 9 0 Kits f% 5", - | 
| ing EG Peg 1 J S . 
| I F an l 3 
EY Az dung 0 — | Sn 
: and let the fame de 3 Toy 5 . 


duced tõ meet the F 2 8 
* . Cumferenice in C; join c 
A., G, and ©; fo hall ABC be ih triangle e- 5 
5 | ae 2 FVV AS 
5 + 1 DEMONSTRATION. Te 
The 1 CBE and BDE are ſimilar, binds: £ 
. the angle BEC is comman. to both, and the an les Sam i 
© * and DBE ſtand upon equal arches BE and AE; there- 
£ fore EC:: EB: : EB: ED, and 8 conſequently ons # 
EC = EB”: but (by. Buc. 364) Th EF & EH = 
+ ED x x EH (by conflruiion). . x EC=ED. 
5 EH, and conſequently. G — EH, 3 from which tile 
2 ing away the equal quant ties ED and EF, there re- 
mains DC = FH S the given line biſecting the ver- 
tical angle (by conſtruction ) and it is evident that DC ' 
bpifects the angle ACB, ſince ACDN ay Tn) Mood. 
7. equal a AE and EB. 2. or £ | 


£5 


8 OY '" Method of Calculation. e Hs: : 


„ BE be collected a8 4 radius, BR ( [AB will bs: 
the co-ſine of the 92 EBR, and BG the tangent of 
BE; therefore BR: BG (or AB: DC): : co- ſin, EBR 

5 (Ack) : tang. BEG, whoſe balf-complement | WM + 
likewiſe given from hence: then, the angle HBþ ups 
poſing EB produced to 5) being the compler ent a. e 

HB: we;ſhall have tang.. EH: rad ag R 
: co- ſin. EHB :: BE:: EH: EB: : E 


— 


r > See 


— 


EC : ſin. ECB oY 7 1 
"fin. CBE = fin. EDB S ce n. QED, half u 
| Eexrnce of the angle (ABC and BA D) at the bee. AN 


. & 
» 1 1 q 4 8 : ; 2 ie t . $ IR 1 4 . 
: D 6 8 7 1 4 22 2 X * yy” N 4 * 
? * * 1 n 1 I \ 4. T0 | 13 * + $ 1 Be * 17 i 1 1 x "I mY 
ih Fo a * > 4 ad 4 : ; ; "+. 4 . £2 #-4 Y ; [4 * 111 oy" : 
t : FS - E + 2 . 
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1 * e * "$3 * 1 # 8 * «£ f . FP «NY; ? 1 — Fl % 7 1 
1 > 3 4 | $ *, > y b : Jes 428. © 7 * * ? 5 "I: þ * i $ 
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5 » 1 - 300 4 5 Ga. F oy "fs 1 ; . . 
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* 
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al de and yy "Nt two arches „0 11 „Cet be: * 


3 5 yes Ti Convranoyon a” 5 0 


P R 0 B L E M IXXII. b Abt, 


11 

3 given the two oppoſite fides abs ed, "RG Favs oe 
 gonals ac, bd, and alſo the angle aeb'in which, U _— 
each uber; 3 to deſcribe the trapeaium. 


"CONSTRUCTION. 1 


Pe the definite! line BP, 'take BD equal to 4a, 4 ng | 
make the angle DBF equal to the given angle ach, an 
BF = ac; allo from the 5 De and 8 with the 


ſcribed interſeQing each other in C; join D; C and F, 


C, and make BA equal and parallel to F C; then draw 


1 


Ab, AC, and BC, and the thing is done. 


DEMONSTRATION. 
Since (by conſtruction) AB is equal and ME} 8 


C, therefore will AC be equal and parallel to BF 


| Eur. 1.) and conſequently the angle AEB 0 Eue. 2 
9 Dur = = aeb. | Q:; io: D. OE 8 8 * 
etbod of Calculation. - "wi 88 
1 D, F; then in the triangle DBF will be? given - 
two ſides DB, BF and the angle included, whence the 
angle BFD and the ſide DF Wil! be known then in 
E. triangle DFC will be given all the three ſides, 
whence the angle DFC. will be known, from which 
BFC (BF D — DF * = BAC will alſo be known. : 


88 2 f 
SS. * bl 
. 1 5 12 
Fe OS 7 3 
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34 Yo Ut." at pager Wo 1 1 
a 7 CY : y 5 EIT A-7 pd 
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4 Fr WW es A 2 
3 = 85 + vel 
5 4 23 dE 
ot n 5 ; 
* Se 3 1 * : s 
1 A * 44 8 C3 
EY! $65 hes f 8 
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N 4 g f 4 488 
222 Nun 2 . $528 
N * . * E * K „ « JR" 5 - wed N $55 
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* 5 tx 


4 „„ = 4 72 gives the nes arne and all 

: FO . e = eee. e 

a ene T R VeT LONG ͤ 5 

W a8 Aſume AB at pleaſure; and, havin W e who - ; 5 I 

"ds both ways, make the angles GA, RB RBO equal, 

ro e e to two oppoſite an les a and e of the tra- FS 2 1 

| 8 pezium; moreover, e AC equal to ace, one of 8 3 

' '_—_____- the remaining angles; and from F. the interſection of 8 4 
„ t 5 take Fe FG = xr the © given amd — and 

AC. * 


| : 2 „* R 0 LEM * LERLV, ws! 


SE 


— 


1# 
-- 


P ͤ ˙ wr En 


* 
U 


1 7 DG . _ 2 
ber GH parallel to CB,-meeting FB. in HI. "hare br 
a from A aud B (by. the lem. p. . let two lines AE 4162 
and BE be drawn to meet in FC, fo as to be in the 
given ratio of uc to FH: in AE take AN. ae, and TS ao - 
draw NM paralle 2 F 8 meeting AC in M; laſtly, _ 
draw NP makin oy e MNP = ced, and GO A 1 
Fh in P; ſo ſn AMNPÞ be the true figure requiftd. 
ns : DEMONSTRATION.) . 789 "964 
= Let ED be bade to NP, and. let bc and PM be 
rawn. 994 | 
It is evident, by conſtructiom that the — AN, Rs 
and all the angles of the trapezium, are equal to be 5 
reſpectiye given ones; it therefore, remains only tos 
prove that P11 is equal to the « other given diagonal ce. 
2 7 the angle RBC being = CED (by EA — 1 
the circumfetence. of a circl may be deſcribed throu n ws 
all, the four angular points of the trapezium BCE 
ana fo the triangles FBI BE and FCD (as both the Ingles 
„ FBE and F CD we * 8 the ſame chord . Ba. © 


; 9 ; 
8 EE: 
5 X 1 «* F: 
1 tal e ö 75 3 i 8 
E ee 


4, it 
ny g | : : py 1 
1 PF 
** n a . VF 
4, RR en 11 — 


8 


be dear; and coolequently E: De G : FB : FC 
: FH : FG (2c), But (&. e AB: BE 


portions, - we have AE: DC :: ne : de; but (becauſe 


of the ſimilar figures ADEC, APNM) we alſo have by 


AE: DO:: AN; 00 Pal. and laſe PM 
oO 28D Sheba quently 


. IT 


Al tbe a of the miangles 1 FAC and. 


b FBC being given, we ſhall hade ſin. ACB N fon, F 


fin. ABC x ſin. ACF :: AB : AF; and fin. FAG 
(FBC) : fin. FGH (FCB) : : FG (4): FH; N of 


AF and F H are 5 78 : 3 
RK AK x FH 
rns AK = FH and . 


vhichi laſt is equal to ( OE) the radius of the circle de- 
j termining the point E (ſee the aforeſaid lemma ). There- 
fore, in the triangle FOE are given two ſides FO and 


2 OE, beſides the angle F, whence the angle FOE will 
be given; theh in the triangle ADE will be given OA, 
Ok and the included angle; whence the angle OAE, 
which the diagonal AN makes with the fide AP, will by 


54 a Wan and from thence every wing elie required. 


This problem, as the ele deſcribed from . cuts 
2 F C in two points, admits of two. different ſolutions 
(except, only, when FC touches the circle). If the 
circle neither guts nor touches that line, the problem 
will be een, ; the limits of the ratio of AE to BE 
(and conſequently of ae to dc) growing narrower and 
narrower, as AB becomes leſs and lefs, with reſpect to 
|, AC, or according as the ſum of the oppoſite angles 
fa + e= QAC + RBC) approaches nearer and nearer 
to two right-angles ; ; ſo that, at laſt (ſuppoſing AC _ 
BC to coincide) AE and BE will be, every-where, in 
the ratio of equality; therefore cd can here have only 
onẽ particular ratio to ae; and the diagonal ANE may 
be drawn at. pleaſure, the probjats. being, in faſs . 
| Indetermunats, „ 


IV . 
ae: FH; therefore, by co mpounding t hefe two whe 


22 of cbt, hv hk FONG 5 ; 


\ 


4 , key Cl 10 
» ABC, equally 1 77 


ADE = 
: 4 and 3. | * T 10 Wr 5 
| | E to 5052 and le 1 be e taken, =: 18 H.=p, and N 
r GY |, WET <1 
; „ Lot Y 8 y ; " 
5 { . . 25 vl 
| : | 
; a F 
f 2 > 2 
| y * : Ee 
* 6 # q f 


* + — 
55 * 7 s 
. of ; 
4 | 4 
— 4 
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3 5 .. 
. 1 . : | 
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4 4 : 
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o , 4 5 
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= | bythe perpendicular 1 LN and IK, cuttin K AB and CB 8 
nin N and K; make KP and NP perpendicular to B 
. and BA, 0s the interſeQion P of thoſe perpendiculars 
8 I ; DEMONSTRATION. „„ 
+ Conceive the planes AEF B and BCHG Ae "4 
UP, ſo as to ſtand | perpendicular to the plane of the ho- 


8 
- 


4 


— 


13 rizon ABC and interſect it in the right-lines AB and 
SBeß; then, becauſe BF and BG are equal to each other, 
and perpendicular io the plane of the Horizon, it is 


# 


Fs es = „„ S e evident 1 0 


4 
N } ; 4 : 
w 2 5 
* 1 7 , : 
* * 
« 2 
® * 
> 0 
. 
+ 
, 
dy # 
* + 
— 
5 i 
» 
» ch 
= 4 
: N 
* q * - Q 8 
4 * "bt _ * j 
* * * 1 +. £ 


50 | he Consrnderon of | Be i hw vl 
evident that the points F and G muſt e ale that 


Ak BG (BF) yo} CH 'will repreſent the true poſition 
of . e ſtayes: ſuppoſe | G, 11 8 PG, PH, PE, and 
o be now drawn ; then, fince, (by conflrution)* Bl. 
= vt” and the angle GH = HIK, therefore | is R 
2 HR Euc. 4. 1. ).: moreover, ſince KP. is (by con- 


Atruction perpendicular to BC, it will alſo be perpe endi- 
cular to the La BCHG, 00 conſequently the angles N ot 


PKG and PKI beth right. angles: therefore, ſeeing 
the two triangles GKP, HK P have two ſides and an 


ineluded angle equal, the remaining ſides PG and PH 
mult* Iikewiſe be equal (Ent. 4. 1). After the very © 
Ow ſhone _ r it is . chat PF 18 PO) i is equal by... 


2 ann Þ Th 


Draw Ir . and Hg CEN 1 2 wh = 
and IK, it wil Co 


by reaſon of the ſimilar triangles 


CH : 
be as Be (f), ae 5 = (lr ) 
8 SA 
:Kr = — EET , e ſubtracted : 


from Br C2 | BC) gives BR: PAY in the ſame man- 
ner will BN de found ; then in the trapezium KBNP 


will be given all the angles and the two ſides BK and 


BN; from whence the e ſides, Ke. may. de 


caſily determined. | 
PROBLEM. LXXVI. 


The baſe, the perpendi cular, and the difference 7 N 


lei ug gl ven, i di termine the triangle. 


CONSTRUCTION... 4 
Biſect the baſe AB in C, and in it take CD a third 


proportional to 2AB and the given difference of the 
des MN; ere& DE equal to the given perpendicu- 
lar, and draw ER parallel to AB, and take therein EF 
= MN; draw EAG, to which, from F, app Ki ly FG => 


in Fi. 


— 


AB; draw AH parallel to FG meeting E 
then draw ang and the Og is gent 0 


N 
x 
N 
i 
4 


* £ * 2 * * * 2 3 
£ p v 3 8 
PP — — ͤ — — 2 — — 


Mp 75 2 8 9 A 922 — An N ' i 
. * 2 E LY * * 7 55 
* MN; te which laſt E. N 9s 4 
„„ e quantities aging e e 
25 x CD= 3 1 . 
4 4 — „ 2” 
118 vm. 3 . r 1 . 
0 | ) we have ' „ 7 


x 8 f ü < 1 25 * 5 . * 2 2 

9 e = AH* 'G „ „„ 

5 _ Sala p ß ĩͤ ne ; 
 _- or BH*= AH* + 2AHxMN+MN*= DN 

5 9 1 1 gl emma rc BH=AH+ MN. OE 
3 8 : 8 Nw: ©; : A ; P $0 


1 ee —— e ADE: ka : e have DE 2 | 1 
ad 1 FAB, = _ 2 : whelice the angle 


© £ DP. 


. 1 8 (I EG) will be found ; then i in- the triangle EFG wil! 1 


W 
1 


be. given two ſides and one angle, from which the angle 4. 
_ GFK is BAH) will alſo be Known. e , 


CCCCJJJCCCJCCVCC 


1 Te baſe, the 7 rpendicular, and the ſum * ihe 0 | e 
being given fo. Ow the e x 15 VV Y 


Biſect ws 1 aB in C, N in it NE take On; | 
a2 third proportional to 2AB and the ſum of the 3 8 4 
MN; ere&t DE equal to the given perpendicular, and 
draw HE qaralle] to to AB, and take therein EF = MN ; 
| draw EAG, to which from F, apply FG = AB, draw 
to F G, meeting EF in E. chen draw BH, | 
thing is dae. dB gra gf 


. 3 


Me „* 11 8 
DEMONSTRATION. / 


* 


| Bails of the parallel lines, KG (AB F N 

| 158. 5 NOD e 15 ag 2 
2 X which equal quan being OE 
from MN* = SAIL — eee hem will 


3 ; Fo HY Tee * 


* 8 * 1 7 8 7 
MO ng 416 
* e f | 8 8 8 533 47 
— — 4 — — —d. 2 — 4 
0 | * 7 1 af k 4 1 1 5 Wl \ 1 , F 
wy \ 2 f vis 2 yr Ny : 5 . ( * 
* 1 L 4 { . 2 d 2 1 * ; 
i \ "8. 32 N 
N 7 5 8 2 
4 ; * — g $—- 11 
, 5 s Fe 5+ : 
OE | *. | 5 1 
/ a 7 1 1 1 22 Tr. j 
* \ a a r 
; x p 4 hh had , 1 . 5 * 
# \ ; 3 
* 4 . $2 oo 9 F "2 
4 — wok — \ f # FA 
D eg . WY 4 P 228 1 -v B \ * 1 
* 144 £ * 5 
: % P — 
] — . he, ©) ” . $ * . 4 * 4 
* * 1 1 
. ” 4 1 n 0 4 8 
7 ** + * 7 „ * 


4 mn 
* 5 5 
2 ER 4 . 5 : 1 
* „ a + voy £ 
8 . : ; * 3 * 1 wo : 
» © t "4 * N 
Is! 7 | 15 


dem un MN aN & 125 aA ep 2 BE = 2 


AH; beach; by. adding AH* to each, we have 
MN. — 2MN & AH + AH*= Bi-, that is 


— * 4 — 1 MN —AH-= BH, ; 


or MN. = = BY + AH. 2. E. D. Te 
5 Aer bod of Calculation, 7 ON 
. 11 the triang le AED are given (beſides the r oY 
angle) both the legs, whence the ane DAE (FEG) 
will be given; then in the triangle FEG one angle and 
two ſides will be known;. from which the gt EFG 

( BAH) will be determine. 
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The difference of the tao fades, the eee 4 the 8 


vertical angle being given, to determine the triangle, - 


.CONSTRUCTTON.. 


| Upon the indefinite line FEQ ere&t the given peren- 
qicular DC, making the angle DCE = half the given 
angle; let EF, expreſſing the given difference of the 


ſides, be biſected by the -perpendicular GI, = 
EC in I; alſo let EC be biſected in H, and make 


perpendicular to CE, and * to Et; and having 
2 05 


1 
1 


an: 1 

EN equal to DEC, and «© © | 

n to EF apply CA REELS, 

> thall ACB be the triangle require! Pe, 
PCC 
' Upon ERM let fall the perpendieular CN, ani 
join L, M and E, I. Now LB. = EK (& „ 
nin, = HK + HE * HK — Hl E (Hur. 5 2 „ 
HL TH x b „„ 


whence CL : LB: LB ; therefore the triangle | ; 
CL and ELB - muſt be equiangu ular (Eu. „ 4 
conſequently LBM = LEB = ="CEM (by cons. 5 
_ fruflion. Therefore, ſince _ external angle CEM ĩ⁊ ò $49 
of the trapezium LEMB, is equal to the oppoſite interlal 
angle B, the circumference of a circle will paſs through Es: 85 
all the four angular. points; and conſequently the an- 
gle LMB will be '= LEB, both flandipg upon the 
ſame chord. LB; but it is proved that L BMI is = LEB, 
therefore LMB'= LBM FEI; and ſo the trian leg. 
BLM and EIF, being iſoſceles, and hayin gLMB =E 
and alſo LB = EI (by confirudion) icy will be equal 
in all ceſpedts, and conſequently BM EF; 2 hd 8 
S A (= BC -C | = BM) = = EF, whe gfinn. 5 
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= " Mithodof Calculation. DS oe 
Seeing EG- and EH are the ſine and W of 
EIG _ EKH, to the e qual radii EI and E 
Wuͤ.ll therefore be EG 'EH (or EF: EC) : ; fin. E G 
„ej tang. ER. But, EC: CD: : „ : 
EE ECD; wherſce, by compqunding "theſe bo- 
1 Portions, EF: .CD;- A nie Fi OT CD:; ee R 
rad. & ſin. . 
1 tang. EKH:: Dec N {= tangent ECD): 4 1 
tang. ERH; from which EKL, half the complem eat 
of EKH will be alſo. given : : then it will be, 1 the radius » þ 
EKL (: KE: EL; : LB: EL) : : fin, LEB 
(EEB) 4 LBE e which proportions, ex- 
preſſed in words, give the fo lowing Theorem 
As the liſference of the ſides is to the perpendicular, „% 15 ; 
the tangent of half the vertical angle to the tangent of an au- 
ple; and as the radius is to the tangent of half the comple- | 
ment of this angle, ſo is the co-ine of half the vertical angle 7 
RY to the / 1 ne * 2 the difference of the angles at the act 1 


PROBLEM LXXIX. 


The perpendicular, the difference of the fades, and the dif-. | 
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pendicular and difte- 
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be the ſame with theſe ©. 
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5 & Vertical angle ACB is 
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2 - difference of angles: 2 
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=_ 1 whoſe vertical allo: AFB ſbal 
che given one, and whereof the biſecting line FE (ter- 

minating in the baſe) ſhall be = DC; then draw CG 

and CF parallel to FB and F A, fo- GCH be the >. 
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5 | . | AB, 1 E. D. EL {28 105 W oth 6 l ah . Lo 5 4: | 5 
N 4 1 5 5 | _—_ 8 2 8 Abe dof Calentation.” a2 CE Ng FE: N . 1 — 
\ E By the problem, above. referred to, AB; CD 0 J _ 
. J ADC (AFE) : . tang.. of an angle; * ich e 
„„ denoted by O. 8 . 
1 Nor CD: Ca 2 2 rad. : : fin. "ADC; which propor- 4 


tion being compounded: with the former, we have 0 EG 
AB: CA:: co-fin. ADC' x rad: : tang. Q « fin ADE e 


co-ſin. ADC \DC x rad. W e 
WO” In. ABC — {co-tangent. ADC) : : tang. Q - 


why 


Tien by the ſame p bier, it will be as:t R 
: fin. ADC: co-ſin. of the difference 3 1 5 
8 and H) at the baſe. The above propo ; 
in words at length, exhibit the following Thesrem: 
At the ſum of the ſides is to the perpendicular, ſo is tbe 
|  co-tangent of half the vertical angle to the tangent of an 
angle; and, as the taugent of half this angle is to the ra- 
Aius, ſo is the fine of balſ the vertical angle to the co-fine of 
bal 4 the at ae v. of the angles at the baſe. | 
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no- wa 


when the two cir deſeribed 
from the centers and F, neither cut nor touch; the 
greateſt limit of the area, and 'conſequ extly of EF, 
being when they touch each. other; in which, caſe, the-. 
Tum of the radii DC, FC becoming = = DF, the-poiht 
C will fall in the line DF, ang the angle DCF will | 
become equal to two right-an les: but the ſum of the 
Aber external angles CDP and CBQ is always 
equal to DCF; becauſe CDP (ſuppoſing Cn parallei 
to Ap) - is = DCn, and CBQ.(= CFG) = FCn: 

hence it is evident that the limit, or the greateſt area 
will be when the ſum of the oppoſite angles is equal Lg 
two right- angles, or when, Le 
ſcribed in a Circle. | 
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